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ON THE ELLIPTIC EQUATIONS Au = K(x)u® AND Au = K(x)e?*
KUO-SHUNG CHENG AND JENN-TSANN LIN

ABSTRACT. We give some nonexistence results for the equations Au = K(x)u° and
Au = K(x)e?* for K(x) > 0.

1. Introduction. In this paper we study the elliptic equations

(1.1) Au=K(x)u° inR"
and
(1.2) Au=K(x)e* inR",

where o > 1 is a constant, A =Y"_,9%/0x? and K(-) is a bounded Hélder
continuous function in R”. We are concerned with the existence problems of locally
bounded and positive solutions for (1.1) and locally bounded solutions for (1.2).
These problems come from geometry. We give a brief description and refer the
details to Kazdan and Warner [S5] and Ni [13, 14]. Let (M, g) be a Riemannian
manifold of dimension n, n > 2, and K(-) be a given function on M. We ask the
following question: can one find a new metric g, on M such that K is the scalar
curvature of g, and g, is conformal to g (i.e., g, = Y g for some function ¢ > 0 on
M)? In the case n > 3, we write ¥ = u*/("~2, Then this problem is equivalent to the
problem of finding positive solutions of the equation
(1.3) 4(:+21)Au — ku + Ku("*2/(n=2 = q,
where A, k are the Laplacian and scalar curvature in the g metric, respectively. In
the case M = R” and g = (§,;), then k = 0 and equation (1.3) reduces to (1.1) with
= (n + 2)/(n — 2), after an appropriate scaling and sign changing of K(-). In the
case n = 2, we write ¥ = e¢2* Then this problem is equivalent to the problem of
finding locally bounded solutions of the equation

(1.4) Au — k + Ke®* =0,

where A, k are the Laplacian and Gaussian curvature on M in the g metric. In the
case M = R? and g = (§; ), we have k = 0 and equation (1.4) reduces to (1.2), after
a sign changing of K.
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In [13 and 14], Ni makes major contributions to the existence of solutions for (1.1)
and (1.2). After these two papers, there are many improved results published, such as
McOwen [10, 11], Naito [12], Kawano, Kusano and Naito [3], Kawano and Kusano
[4], Kusano and Oharu [7], Ding and Ni [1], Kusano, Swanson and Usami [8] and
Lin [9].

In this paper, we consider the case K(x) > 0 in (1.1) and (1.2). We obtain some
nonexistence results which make the understanding of the case K(x) > 0 almost
complete. We divide this paper into two parts. In Part I, we consider (1.1). Thus we
consider the case (1.1) with n > 3 in §2, (1.1) with n = 2 in §3 and (1.1) with n = 1
in §4. We consider (1.2) in Part II. Thus we consider the case (1.2) with n > 3 in §5,
(1.2) with n = 2 in §6 and (1.2) with n = 1 in §7.

We remark that the technique of the proof of the main nonexistence theorem is
essentially equivalent to the proof of Keller [6]. We thank the referee for bringing the
reference [6] to our attention.

PART I. Au = K(x)u°

2. The case n > 3. In this case, Ni [13] proves the main existence result: Let K be
bounded. If |K(x)| < C/|x|*** at oo for some constants C > 0 and ¢ > 0, then
equation (1.1) has infinitely many bounded solutions in R" with positive lower
bounds. Later on, Naito [12] improves the result: If |K(x)| < ¢(|x|) for all x € R”
and [°t¢(1)dr < oo, then equation (1.1) has infinite many bounded positive
solutions which tend to a positive constant at ooc. On the other hand, when
K(x) > 0, Ni [13] proves a nonexistence result: If K(x) > C/|x|* ¢ at oo for some
constants C > 0 and & > 0, then (1.1) does not possess any positive solution in R”".
Lin [9] proves that it is still true even ¢ = 0. In view of Naito’s existence result, we
expect that the following conjecture be true.

CONJECTURE. Let K(x) > K(|x|) > 0 for all x € R" and /¢ sK(s)ds = oo. Then
(1.1) does not possess any positive solution in R”.

We give three theorems which almost answer this conjecture completely. Follow-
ing Ni [13], we define the averages of u(x) > 0 and K(x) > 0 by #(r) and K(r),

_ _ 1 u(x
(2.1) )= was.
(2‘2) [?(r) — ( l f dS )‘0/"’,
w,r" = K(x)"°

where dS denotes the volume element in the surface integral, w, denotes the surface
area of the unit spherein R" and 1/p + 1/0 = 1.

For the sake of completeness, we give another proof of Lin’s result of non-
existence [9] in the following.

THEOREM 2.1. Let K(x) be a locally Holder continuous function. If K(x) > 0 and
K(r)>= C/r? for r large for some constant C > 0, then equation (1.1) does not possess
any positive solution in R".
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PROOF. Let u be a positive solution of (1.1) in R”. Then from Ni [12, Lemma 3.21],
we have

23) {( N+ 2= La(r) 5 R()ae(r) i (0,00),
u(O) =qa> 0, ﬁ’(O) =

Hence we have

(2.4) u(r)>a+ —f sK(s)[l - = ]ﬂ“(s)ds.
Now assume that K(r) > C/r* forr > R,. Let r > RO Then from (2.4), we have
(2.5) a(r) > a+——f sK(s )[1— A ]ﬁ"(s)ds

e R -(2) e

>a+—f sK(s)[l— %) u°(s)ds

° r/2
>a+ na_ 3 [ ] / 1
2> C,logr
for some C; > 0and r > R; > 2R,. For R > R, and R < s < r < 2R, we have
(2.6) 1/2<s/r<
Hence

(2.7) S[l —(%)"_2] = %[""_2 —5s" 2> (n- 2)(%)"—20 - ).

’
From (2.4), (2.5) and (2.7), we obtain

C, pr

(2.8) a(r) > C,logR + —%f (r - s)a’(s) ds
R°/r

for R > R, and R < r < 2R, where C, > 0 is a constant. Let
C. r

(2.9) g(r)=¢ logR+—§f (r—s)u’(s)ds.
R" /R

Then

g(R)=C logR, g'(R)=0,
(210) ’ CZ "y
gm:F/R“ (s)ds >0,

and

(1) §(r) = 20 (1) > 2 g(r)",
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From (2.10) and (2.11), we have

26"(r)g'(r) > =2 ((r) g (+),

d 2 26, o+1
g} > =2 %[o 1 18 (r)]-
Hence
@12 0] > | 2% L) - e ().

Let B = C,log R = g(R) and § = C,/R>. Then we have

[(N) > 2574 (r) ~ 7).

Thus

(2.13)

"’ 12 .,
j‘g() dg 2( 26 ) /ds.
B [gu+1 _ Bo+l o+ 1 R
Let g(r) = Bz, we have

/f dz’ S ( 26
1 /(Z,)a+l_l = o+ 1

Now if we choose R so large that

1/2
(2.14) ) BC~Y2(r — R).

26 V2 2C. 2 _
Lgle-v2 p | 2 (o-1)/2
(2.15) (0+1) B R IR (C,logR) R
2C, \/? o
= (o +21) (C,log R)°™ V7

N
L oo

Then thereis a R, < 2R, such that

(2.16) lim g(r) = co.

r—R,
But u(R_.) > g(R,) = co. This is a contradiction. This completes the proof of this
theorem.
Now we can state our main nonexistence results.

THEOREM 2.2. Let K(x)> 0 be a locally Holder continuous function. If K(r)
satisfies
(1) there exist & > 0, R, > 0 and C > 0, such that

K(r)> C/r* forr>R,,
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(2) there exist € > 0 and P > 2, such that
f(P_l)R rK(r)dr>¢ forR>R,,
R
then equation (1.1) does not possess any positive solution in R".

PROOF. Assume that (1.1) has a positive solution u(x) in R". Then as in the proof
of Theorem 2.1, we have

(2.17) a(r) > a +

1 roo__ s n—2 s
— 2/(; sK(s)[l —(;) u°(s)ds.
From assumption (2), we have
(2.18) f°° sK(s)ds = .
0
Hence

u(r) > a+ C/r/z a’sK(s) ds
0

and

(2.19) lim #(r) = o
r— o0

Thus we can choose R, so large that

(2.20) u(Ry) > 1

Now let R > R,,. From assumption (2), we have

(221) @(PR)>a(R) +—5 j”" sK(s)[l - P— "—2 7°(R) ds

#°(R)- [1 -(5) _2] [T R s ds

> u(R) + Cpu° (R),

where 1 > C; > 0 and C, is a constant.
From (2.20), (2.21) and the fact that ¢ > 1, we have

(2.22) u(P™R) > (1+ C;)" foral R>Ryand m > 1.
Choose a; > 0 so small that

(2.23) log(1 + C;) > a;[log P + log( PR,)].

Then

(2.24) mlog(l + C;) > a;[mlog P + log(PRo)]

Hence (1 + C;)™ > (P™R)“ for all m > 1 and PR, > R > R, This means that

u(P"R) > (P™R)™ forallm > 1and PR, > R > R, Hence
(2.25) u(r)>rx forr>R,.

Now we return to (2.21). We have for R > R,

(2.26) a(P™R) > Cu°(P™ 'R) > C{t*o* " +o" ™. go(R)

= C{" VDG (R),  m>1.
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Hence

— o om _ 1-1/0"
(2.27) log(#(P™R)) > o™ |logu(R) + —~—1 log C,

>o’"[allogR— 1|logC1|].

Choose C, > 0 and R, sufficiently large such that
(2.28) alogR, > |logC1 [+ G,.
Then
(2.29) log(#(P™R)) > Cyo™

forR>R,and m > 1
Now we can choose a, sufficiently small, such that
logo > a,(log P + log PR,).
Then
mlogo > a,(mlog P + log PR,), m> 1.
Hence 6™ > (P™R)* for m > 1 and PR, > R > R,. Hence from (2.29), we have
@(P™R) > exp|[C,(P"R)*]
for m > 1 and PR, > R > R,. That s,
(2.30) a(r) > exp[Cyre]
for r > R,. Hence from (2.17), for r > R,, we have

a(r) > 7(R,) +~ 2/ sK(s )[1—(—)" ]ﬁ"(s)ds

— &(R,) + - 2/ [1— s ][1?(5)-a<°-1v2(s)]a<°+1v2(s)ds.

Now from (2.30) and the assumption (1), we can choose R, > R; so large that
K(s)a" D2(s) > Cy/s?

for s > R, for some constant C; > 0. Hence we have
(2.31)

u(r) > u(R, )+ 2/ s[K(s) @ "2(s )][1 —(—) ) }ﬁ(””/z(s)ds-

> (R,) 2[ =] 1-(—)"7 ]a<°+l>/2(s)ds.

But from the proof of Theorem 2.1, this is impossible. Hence we complete the proof
of this theorem.

THEOREM 2.3. Let K(x)> 0 be a locally Holder continuous function. If K(r)
satisfies

@ fq sK(s) ds is strictly increasing in [0, 00) and [{° sK(s)ds = o0,

(2) (s/r)™ < [$tK(t)dt/ [f tK(t)dt for some finite m > O and for all r > s > R,
> 0,
then equation (1.1) does not possess any positive solution in R”.
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In particular, if K(r) satisfies (1) and 0 < K(r) < C/r? for r > R, for some
constants C > 0 and R, > 0, then K(r) also satisfies (2) and hence (1.1) does not
possess any positive solution in R".

PROOF. Assume that (1.1) has a positive solution u(x) in R". Then as in the proof
of Theorem 2.2, we have (2.17). Let

f(r) =/0rsl?(s)ds = 1.

Then f: [0, c0) — [0, 0) is one-one and onto. Hence f~! exists and let it be denoted
by g. Let

t=f(s), n=/(r), ua(g(n))=ov(n).
Then from (2.17), we have

(2.32) v(n) = a+ - 1 5 fn [1 —(M)(n_m]v“(t)dt.

0 g(n

~—

From the assumption (2), we have

(2.33) g(1)/g(n) < (i/n)/" foralln> 1> f(Ry).
Hence from (2.32) and (2.33), we have

) 1 7 [ ‘ (n—2)/m]
2.34 v > u(Ry) +——= 1—(—) v°(t)dt.
@3 wmzaR)+ 5[ |1-|; (1)
But from Theorem 2.1, this is impossible. Hence (1.1) does not possess any positive
solution. B B

If in addition to condition (1), K(r) also satisfies 0 < K(r) < C/r? for r > R,.
Then we have

_d_( fo’tl?(t)dt) _ r2K(r) — [JtK(t) dt < C— [{tK(t)dt

dr r r r

for r > R,. Thus we can choose R, > R, so large that

C—frtl?(t)dt<0 forr > R,.
0

Hence [ tK(t)dt/r is monotonically decreasing for r > R,. Thus K(r) satisfies
condition (2) for r > s > R,.
This completes the proof of this theorem.

THEOREM 2.4. Let K(x) > 0 be a locally Holder continuous function in R" and K(t)
be a locally Holder continuous function in [0, 00).
Let the average K(r) of K(x) in the sense of (2.2) satisfy:

E(’)Zk(’_ﬁi) fa,+B<r<a.,, +8,

1?(") 20 ifa, +B,<r<a, + B
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for i =0,1,2,..., where {a;}%°, is a strictly increasing sequence satisfying a, = 0
and lim, _, _a, = oo and { B, } % o IS a nondecreasing sequence satisfying 3, = 0 and
B./a; < M for some constant M > 0 andi = 1,2,.... If

w'(r) + =

u(r)—K( Yu°(r) in (0, ),
u(0)=a>0, u'(0)=0

(2.35)

does not possess any solution in [0, 00) for all a > 0, then (1.1) does not possess any
positive solution in R".

PROOF. Assume that (1.1) has a positive solution u(x) in R". Then as in the proof
of Theorem 2.2, we have

(2.36) a(r)> a+ ;%5/0 sz?(s)[1 —(f)"'z]ao(s) ds.

Now we define the function v by
(2.37) o(r)y=u(r+B,) ifa,<r<a,,
fori =0,1,2,.... We shall prove that

(2.38) o(r) > a+ Ao fo sk(s)[l _(;)"—2]00(”(1&

where A is a positive constant depending only on the constant M. To prove (2.38),
let a; < r < a,,,. Then from (2.36), we have

alr+ B) > a++2fo’”’"sk‘(s)[1—( : )"’Z]af’(s)ds

B
>a+ni2 alsl?(s)[l—( : )"_Z]QO(S)ds

=a+———/ sK(s)[l— +B ] °(s)ds

2,/ S+B1)K 5+B1)[1_ i+Bl ]-°(s+,81)ds
+.

1 _ s+ B8\,
+n_2L(s+,8,)K(s+B,-)[l—(r+Bi ]u (s + B,)ds.
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Butforl <j < i,
s+Bj n=2
r+ B;

(U4 B/r) T = (s/r+ B/
1+ B/r)"?

1 _(s/r)n_2 All - n—-2
> W pay AT

s+[3
r+B

=z

Hence we have

a(r+B)=>a+ —:—2]0“1 sK(s)[l —(%)n—2 u°(s) ds

/sK(s)[l— ] (s + B,) ds.

Hence (2.38) is true for all r € [0, c0). Let & = 41/~ Dpy and & = 4'/°~Da. Then
(2.38) becomes

b(r)y>a+ - 1 3 for sK(s)[l —(-‘;)n—2]50(s)ds.

Now let X denote the locally convex space of all continuous functions on [0, o0)
with the usual topology and consider the set

Y={yeX:a<y(r)<i(r)forr>0},
where ¥ is defined above. Clearly, Y is a closed convex subset of X. Define the
mapping T by

n+2
(2.39) Ty(r) = a + —/ sK (s )[1 -2 ]y"(s) ds.
If y € Y, then & < y(r) < i(r). Hence we have

1 zfor sI?(S)[l —(%)"—z]y"(s)ds >a

Ty(r)=a+ -

and

Ty(r)<a+ _1_ 5 fr sli'(s)[l —(5)"—2 5°(s) ds < 0(r).

Thus T maps Y into itself. Let { y,,}%_, C Y be a sequence which converges to y in
X. Then { y,,} converges uniformly to y on any compact interval of [0, c0). Since

40) [T3,(r) ~ () < 5 [ R (o)1 =(2)" ] ato) =yt s,

we have {Ty,,} converges uniformly to Ty on any compact interval of [0, o). Hence
T is a continuous mapping from Y into Y. On the other hand, we have

(2.41) @)= [ (2) k) as
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Hence for any fixed R > 0, TY is a uniformly bounded and equicontinuous family
of functions defined on [0, R]. Hence TY is relatively. compact. Thus we can use the
Schauder-Tychonoff fixed point theorem (see Edwards [2, p. 161]) to conclude that
T has a fixed point y € Y. This fixed point y satisfies the integral equation

y(r) zj'sK' [ -(3)" ]y%s)d&

Hence (2.35) has a solutlon for this &. This is a contradiction. The theorem is
proved. Q.E.D.

3. The case n = 2. In this case, we consider only the situation K(x) > 0 in (1.1).
Kawano, Kusano and Naito [3] obtain the following existence result: Let K(x) > 0
be a locally Holder continuous function which is positive in some neighborhood of
the origin. If

K(x) < K(]x|) forall x € R?
and
foc s(logs)°K(s)ds < oo.
1

Then equation (1.1) has infinitely many positive solutions in R? with logarithmic
growth at infinity.

To our knowledge, there seems no known nonexistence result. Qur nonexistence
results are

THEOREM 3.1. Let K(x) > 0 be a locally Holder continuous function in R, Let the
average K(r) of K(x) in the sense of (2.2) satisfy

(3.1) K(r)> C/ri(logr)’"" forr>R,.

Then equation (1.1) does not possess any positive solution in R2.

PROOF. Assume that (1.1) has a positive solution u(x) in R%. Then we have

(3.2) {ﬁ”(r)+z7'(r)/r>I?(r)ﬁ"(r),

u(0)=a >0, u(0)=0,
where # and K are defined in (2.1) and (2.2). From (3.2), @(r) satisfies the integral
equation

(3.3) ﬁ(r);oz+j(’:slog(§)1?(s)ﬁ"(s)ds.

Without loss of generality, we assume that K(0) > 0 and hence K(0) > 0. Thus we
have from (3.3)

(3.4) mn>a+ﬁxm4) K(s)a*(s m+/sm4)K(n()m
>a+ fol slogrK(s)u°(s)ds
>a+ oz"-logr-fo1 sK(s)ds

>a+ Clogr
for r > 1 and a constant C, > 0.
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Now consider r > e. We have

(3.5) i(r) > a +/0‘ slog(f)k‘(s)ao(s)ds
+[slog(§)1_(—(s)17"(s)ds
> C,logr + /erslog(g)l?(s)ﬁ"(s)ds.

Let v(r) = u(r)/logr for r > e. Then from (3.5), we have

lo

(3.6) v(r)>C, + /ers(l - %)f(s)(logs)c'v”(s)ds.

Let t = logs, n = logr and v(e") = v(r) = &(n). Then (3.6) becomes
(3.7) o) > Gy + [ t(l - -f’-)ez’l?(e’)t("_l)l")"(t)dt.
1
Let K(1) = e*K(e")t°~ 1. Then from (3.1), we have
K(t) > C/t* fort> exp(R,)

and
Ul t ~
(3.8) 5(n)> €, + [ t(l - —)K(t)z“)“(t)dt.
1 n
Using a similar argument as in the proof of Theorem 2.1, we obtain a contradiction.
This completes the proof of this theorem. Q.E.D.

THEOREM 3.2. Let K(x) > 0 be a locally Holder continuous function in R%. Let the
average K(r) of K(x) in the sense of (2.2) satisfy

(3.9) There exist e > 0, P > 2 and R, > 0, such that
fZ(H)R sK(s)(logs)°ds > ¢ forallR > R,.

e

(3.10) There exist « > 0, R, > 0 and C > 0, such that
K(s) > C/s*(logs)®*®  foralls > R,.
Then equation (1.1) does not possess any positive solution in R?.

PROOF. Assume that (1.1) has a positive solution u(x) in R% As in the proof of
Theorem 3.1, we have (3.3)-(3.7). Hence

(3.11) 5(n)>C+ [ t(l - %)K(t)i}"(t)dt.
1
But from (3.9) and (3.10), K(¢) satisfies
(3.12) [T R (1)yde > € forall R > Ry,
R
(3.13) K(s) > C/t*® forall t > logR,.

Using a similar argument as in the proof of Theorem 2.2, we obtain a contradiction.
This completes the proof. Q.E.D.
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THEOREM 3.3. Let K(x) > 0 be a locally Holder continuous function in R%. Let the
average K(r) of K(x) in the sense of (2.2) satisfy

(3.14) f’ sK(s)(logs)° ds is strictly increasing on [0, o) and
0

foo sK(s)(logs)’ds = oo,
0

(3.15) (:Z%)msfo (K (0)10g)"dt/ [ K (1) 1og1)"

for some m > 0 and for allr > s > R, > 0. Then equation (1.1) does not possess any
positive solution in R%. In particular, if K(r) satisfies (3.14) and 0 < K(r) <
C/r*(logr)°*! for r > R, for some constants C > 0 and R, > 0, then K(r) also
satisfies (3.15) and hence (1.1) does not possess any positive solution in R

PROOF. Assume that (1.1) has a positive solution u(x) in R% As in the proof of
Theorem 3.1, we have (3.3)-(3.7). Hence we obtain (3.8) or (3.11). But now K(7)
satisfies

(3.15) f e () dt is strictly increasing in [1, oc) and
1

fw tK(t)dt = oo,
1

(3.16) (%)m < fl (1) dz/fl" (1) dr

for some m > 0 and for all 3 > s > log R,,.
Using a similar argument as in the proof of Theorem 2.3, we obtain a contradiction.
This completes the proof. Q.E.D.

THEOREM 3.4. Let K(x) > 0 be a locally Holder continuous func_tion in R? and K(1)
be a locally Holder continuous function in [0, 00). Let the average K(r) of K(x) in the
sense of (2.2) satisfy

K(r)20 ifa+B <r<a,, +Bi,
K(r)>K(r—8,) foa+ B <r<a,,+B8
for i =0,1,2,..., where {a;}?2, is a strictly increasing sequence satisfying a, = 0

and lim, _,  a, = oo and { B;}2, is a nondecreasing sequence satisfying B, = 0 and
B.,/a; < M for some M > 0 foralli > 1. If

{u”(r) +u'(r)/r=K(r)u’(r) in(0,),
u(0)=a>0, w(0)=0

does not possess any solution in [0, 00) for all a > 0, then (1.1) does not possess any
positive solution in R?.

(3.17)

PROOF. The proof is very similar to that of Theorem 2.4. Hence we only sketch the
proof. Assume that (1.1) has a positive solution in R Then we have

(3.18) u(r)>a+ /Orslog(g)l?(s)ﬁ"(s)ds.
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Let
o(ry=ua(r+B) ifa,<r<a,,
fori =0,1,2,.... Then
(3.19) o(r) > a+ 4 -f’slog(g)IZ(s)u"(s)ds.
0
Let X denote the locally convex space of all continuous function on [0, c0) with

the usual topology and consider the set

Y={yeX:a<y(r)<o(r)forr>0}.
Define the mapping T by

(3.20) (y)(r)=a+ ‘[)rslog(g)lz(s)y"(s)ds.

We can prove that TY C Y and T is continuous. Furthermore TY is relatively
compact. Hence T has a fixed point in Y. Thus (3.17) has a solution for this given
@ > 0. This is a contradiction. The proof is complete. Q.E.D.

4. The case n = 1. In this case, we also consider only the situation K(x) > 0 in
(1.1). We give a main existence result which have an extension to the higher-dimen-
sional case. We also give some nonexistence results which may have applications.

THEOREM 4.1. Let K(x) > 0 be a Holder continuous (actually only continuous is
sufficient) function in R. If K(0) > 0

(4.1) .ﬁJﬁMﬂﬁ<w,

then (1.1) has infinitely many positive solutions in R with linear growth at |x| = 0.

PrROOF. We shall seek solutions u such that #(0) = a > 0 and u’(0) = 0. Consider
now x > 0. Then equation (1.1) with #(0) = a > 0 and #’(0) = 0 is equivalent to the
integral equation

(4.2) uw=a+£ﬂx—nxuw«um, x> 0.
Now choose a so small that

(4.3) 2"0&"“’[01 K(t)dr < %

(4.4) 2°a(°'1)f1°° K(t)t°dt < %

Let

_ | 2a fog<x<1,
A(x) = {2ax if1 < x.

Asin the proofs of Theorems2.4 and 3.4, we let X denote the locally convex space
of all continuous functions on [0, co) with the usual topology and consider the set

Y={yeX: a<y(x)<A(x)forx>0}.
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Clearly, Y is a closed convex subset of X. Let the mapping T be defined by
(4.5) (Ty)(x)=a+f0x(x—t)K(t)y"(t)a't, x> 0.
If y € Y, then a < y(x) < A(x). Hence we have
(4.6) (Ty)(x)=a+/0"(x— £V K (1) y7 (1) dt
>a+ fo (x — 1)K(t)adt > a.
On the other hand, for 0 < x < 1, we have
(4.7) (Ty)(x)=a+/ox(x— 0K (1) yo(1) dr

< « +f01 K(t)(2a)’dr

_ a[l + 2o [! K(t)dt]
0

<afl +1] <2a=A(x).

For 1 < x, we have

(48) (Ty)(x)=a+ /0‘ (x — 1)K (1) y°(¢) dt + jl (x — t)K (1) y°() dt

1
<a+xf

K(1)(2a) di+ x [~ K(1)(2a1)° di
0 1

1 ©
< ax + ax [2“(1“"”/ K (1) dt] + ax [2"(1“"”/ K(t)t"dt]
0 1

<ax[l+ 1+ 1] <2ax = 4A(x).

Thus T maps Y into itself. Now let { y,,}o_, C Y be a sequence which converges to
y in X. Then { y, } converges uniformly to y on any compact interval of [0, co). But

(49) D) = D)< [ (x = K@) = y7(0) |,

we conclude that {7y, } converges uniformly to Ty on any compact interval of
[0, o). Hence T is a continuous mapping from Y into Y. As in the proof of Theorem
2.4, the precompactness of T can be verified by

(4.10) |(Ty)'(x)|<j0" K(t)y°(¢) dr
< fw K(1)(2a)°t°dt < 0.

Thus T has a fixed point y € Y. This fixed point y is a solution of equation (1.1)
for x > 0 with y(0) = a and y’(0) = 0.

Similarly, we can find a solution of equation (1.1) for x < 0 with y(0) = « and
y’(0) = 0 if « is sufficiently small. Now let y(x) be the solution of (1.1) in R with
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y(0) = a, y’(0) = 0. Then
X
(4.11) 2ax>y(x)=a+/ (x — )K(»)y°(¢) dt
0
>a+ fl (x = 1)K(t)a"dr
0

>a+ki(x—1)>kyx

for x large. Hence y grows linearly at |x| = co. Now we can choose a smaller y(0),
such as y(0) = a/2 to obtain another solution. This completes the proof of this
theorem. Q.E.D.

We can apply this theorem to the higher-dimensional case as used in Ni [13, 14]
and Kawano, Kusano and Naito [3].

THEOREM 4.2. Let K(x) > 0 be a locally Holder continuous function in R" = R X
R"™ 1. Let ¢p,(x,) and ¢*(x,) be two locally Holder continuous function in R. If

(412) 0 < ¢ulx)) < K(x) < ¢*(x)) forallx = (x;,x’) ERX R,
(4.13) $4(0) > 0 and f°° Ix, "% (x,) dx, < o0,

then equation (1.1) has infinitely many positive solutions in R" which are unbounded.
PrROOF. Consider the equations

(4.14) d%/dx} = ¢*(x,) 0",

(4.15) d?w/dx} = ¢u(x,)W°.

From the proof of Theorem 4.1 we see that (4.14) and (4.15) have unbounded

solutions (linear growth at o) & and w. We can choose & and W such that
¥(x;) < w(x,) for all x, € R. Now let

(4.16) v(x;,x")=0(x;) and w(xy,x)=w(x,).
Then from (4.12), we have

Av — K(x)v° = m - K(x)5°(x,)
= [¢*(x) = K(x)]8(x,) > 0,
Aw — K(x)w° = dZT('le) - K(x)w°(x,)

= [¢a(x)) = K(x)]%°(x,) < 0

in R". Hence v(x,, x") and w(x,, x") are, respectively, a subsolution and a supersolu-
tion of (1.1) in R". Since v(x;, x") < w(xy, x") in R”, from Theorem 2.10 of Ni [13],
it follows that (1.1) has a positive solution u(x) in R" such that #(x,) < u(x;, x’) <
w(x,). It is easy to see that k,|x| < u(xy,x’) < k,|x;| for |x,| large for some
positive constants k, and k,. This completes the proof of the theorem. Q.E.D.
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Now let u be a positive function in R and K(x) > 0 in R. Define for r > 0

(4.17) a(r) = (u(r) +u(~r))/2,
(4.18) K(r) = [%(K(,)—o'/o + K(_r)——o’/o)]—u/o’
where 1 /0 + 1/0’ = 1. It is easy to see that

(4.19) u(0) =u(0) and u’(0)=0

if u is also continuously differentiable.

THEOREM 4.3. Let K(x) > 0 be a continuous function in R. If the average K(r) of
K(x) in the sense (4.18) satisfies

(4.20) K(r)> C/rev

for r = R for some constant C > 0, then equation (1.1) does not possess any positive
solution in R.

PROOF. Assume that u(x) is a positive solution of (1.1) in R. Then we have

(421) @’(r) = w'(r)+u"(—r

Lo Lik(rwe(r) + K(=ryue(=n)].

2
But
(4.2) a(r) = {u(r) + u(=r)]
< [3(K(r)u(r) + K(=r)u°(=r)]"°
Ky K (=n)]
Hence
(4.23) K(r)u'(r) + K(=r)u°(—=r)) = K(r)u°(r).

Thus we have

(4.24) {3"(’) > K(r)a°(r) forr>0,

u(0)=a>0, w(0)=0.
Hence u satisfies

(4.25) a(r) > a + jo (r — 1)K(1)@°(¢) dr.

Without loss of generality, we may assume that K(0) > 0 and hence K(0) > 0. Thus
for r > 2, we have

(4.26) @(r) > a +/0‘ (r — 1)K (£)@°(t) dt +/1'(r— K (1)ao(1) dt

> a +(a°-/: (1 - f)l?(t)dt) or +flr (r—0)K(t)u°(¢)dt

¢, ,+fl' (r — 1)K (£)@°(1) dt,
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where

o 1 1)\ = _ a.l. 1 —
C,=a fo (I—E)K(t)‘dt—a > fOK(t)dt>o.

Now let u(r) = v(r)-r for r > 2. We obtain

(4.27) o(r)> ¢+ [ 1(1 - ;)I?(t)t""”v"(t)dt.
1
Letting K(¢) = K(¢)t©°~V. Then from (4.20), we have
(4.28) K(t)> C/t? fort> R,
and
(4.29) o(r) > C, + / zk(z)(l - %)v"(z)dt.
1

From the proof of Theorem 2.1, we see that it is impossible to have a function v
defined in [2, o0) satisfying (4.29). This completes the proof. Q.E.D.

THEOREM 4.4. Let K(x) > O be a continuous function in R. If the average K(r) of
K(r) in the sense (4.18) satisfies

(4.30) there exist a > 0, R, > 0 and C > 0 such that
K(r)=C/r°*® forr> Ry,
(4.31) there exist ¢ > 0 and P > 2 such that

f(P-I)R r°K(r)dr>¢ for R > R,.
R

Then equation (1.1) does not possess any positive solution in R.

PROOF. Assume on the contrary that (1.1) has a positive solution u(x) in R. Then
as in the proof of Theorem 4.3, we have (4.24)-(4.27). But now K(r) = r " VK(r)
satisfies

(4.32) K(r)> C/r*® forr> Ry,
(4.33) [T k() dr > € for R > Ry,
R

But from the proof of Theorem 2.2, there is no positive function v satisfying (4.27).
This contradiction proves the theorem. Q.E.D.

THEOREM 4.5. Let K(x) > 0 be a continuous function in R. Let the average K(r) of
K(x) in the sense (4.18) satisfy

f "s°K (s) ds is strictly increasing in [0, ) and

(4.34) o

/ s°K(s)ds = o0,
0

(i)m <fs tal?(’)dt/fr t°K (t) dt for some m > 0 and
r o A

(4.35)
forallr > s> R,> 0.
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Then equation (1.1) does not possess any positive solution in R. In particular, if K(r)
satisfies (4.3d) and 0 < K(r) < C/r'°*V for r > R, for some constants C > 0 and
R, > 0, then K(r) also satisfies (4.35) and hence (1.1) does not possess any positive
solution in R.

PROOF. Assume on the contrary that (1.1) has a positive solution u(x) in R. Then
as in the proof of Theorem 4.3, we have (4.24)—(4.27). Now the function K(r) =
r~DK(r) satisfies the assumptions of Theorem 2.3. Hence there is no positive
function v satisfying (4.27). This contradiction proves the theorem. Q.E.D.

THEOREM 4.6. Let K(x)> 0 be a continuous function in R and K(r) be a
continuous function in [0, 00). Let the average K(r) of K(x) in the sense (4.18) satisfy

E(’)ZO o+ B <r<a.,+B..
E(’)>k(’_ﬁi) foa,+B<r<a,,+pB
for i=0,1,2,..., where {a,}, is a strictly increasing sequence satisfying a, = 0

and lim, _, a, = oo, and { B, }°° o s a nondecreasing sequence satisfying B, = 0 and
B./a, < M for some M > 0 and fori > 1. If

(4.36) {“"(f)=13(r)u"(r) in (0, o),
u(0)=a>0’ u’(O):O

does not possess any positive solution in [0, 00) for all « > 0, then (1.1) does not
possess any positive solution in R.

PROOF. Assume that (1.1) has a positive solution u(x) in R. Then we have as in
the proof of Theorem 4.3,

(4.37) au)>a+£%r-uium%o¢.
Let
(4.38) o(r)=u(r+B,) ifa,<r<a,,

fori = 0,1,2,.... As in the proof of Theorem 2.4, we have
(4.39) o(r)za+ [ (r= R0 (1) dr.
0

Now we can let X denote the locally convex space of all continuous functions on
[0, c0) with the usual topology and consider the set
(4.40) Y={ye X a<y(r)<o(r)forr=>0},
where v is defined in (4.38). Clearly, Y is a closed convex subset of X. We define the
mapping T by
(4.41) (Dﬂﬂ=a+ﬁ(r—0kﬁwﬂﬂw.

Then it is easy to verify that (i) TY C Y, (ii) T is continuous and (iii) TY is
precompact. Hence T has a fixed point in Y. Thus (4.36) has a solution for this a.
This contradiction completes the proof. Q.E.D.
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PART II. Au = K(x)e?*

5. The case n > 3. In this case, the existence results are very similar to that of §2.
Ni [14] proves that, if |K(x)| < C/|x,| for |x,| large and uniformly in x, for some
[ > 2, then equation (1.2) possesses infinitely many bounded solutions in R* = R™ X
R"~™ where x = (x;, x,) and m > 3. Later on, Kusano and Oharu [7] extend the
result to the case where |K(x)| < K(|x,|) for all x = (x,,x,) € R" X R"™" and
J&@ tK(t)dt < c0. On the other hand, when K (x) > 0 in (1.2), Oleinik [15] shows
that if K(x) > C/|x|” at infinity for some P < 2, then (1.2) has no solution in R".
The case when K(x) behaves like C/|x|? at infinity is left unsettled for n > 3. In
this section, we give several theorems to settle the nonexistence question of (1.2), in
particular we settle the case when K(x) behaves like C/|x|? at infinity.

We need some notations first. Let u be a smooth function in R” and K(x) > 0 be
a continuous function in R”. Following Ni [13] and Sattinger [16], we define the
averages of u and K by u(r) and K(r),

(5.1) u(r) = , rln_lf u(x)ds

|x]=r

(5.2) E(r)=( L B )

w,r" 1V x=r K(x)

We have
LEMMA 5.1. Let u(x) be a solution of (1.2) in R" and K(x) > 0. Then u(r) satisfies

La(r) > R(r)e ™, re(0,00),
u(0) = u(0), @(0)=0.
PrOOF. From the definition of u, we have

w(r )-—fI§| | vulre) - gds = — L[ Tutads.

Ix|=r

(5.3) W)+ =

Thus,
w,(r" '@’ (r) = R '@ (R))

G4 I ( [

|x|=1

AudS) dt

where D = {x € R™: R <|x| < r}. Hence we have

(5.5) w,(r"1a(r)) = [ Auds = j K(x)e?®ds.

|x|=r

Now Jensen’s and Cauchy-Schwarz’s inequalities give

(o) ey <[ s f

1 1 das
< K 2u(X)dS .
(w = 1f|x|=r (x)e )(w,,r"‘l'{\'lﬂ K(x))

|xj=r

\ 2

e“""dS)
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Hence

(5.7) [ K(x)errds > K(r)er

w,,r"_l Ix|=r

Combining (5.5) and (5.7), we obtain the first equation of (5.3). #(0) = u(0) and
u’(0) = 0 can also be easily obtained. This completes the proof. Q.E.D.
Now we can state our main nonexistence theorems.

THEOREM 5.1. Let K(x) > 0 be a locally Holder continuous function in R". If K(r),
as defined in (5.2), satisfies

(5.8) K(r)= C/r?

for r = R for some constant C > 0, then equation (1.2) does not possess any locally
bounded solution in R".

PROOF. Assume that u is a locally bounded solution of (1.2) in R". Then the
average u satisfies (5.3) from Lemma 5.1. Let #(0) = u(0) = a. Then u also satisfies

_, rrg\n"1_ als
(5.9) u'(r) >j(; (;) K(s)e?"® ds,
_ 1 "= (s n=2] 2a(s)
(5.10) u(r)>a+n_2/0 sK(s)[l (r) | ds.
Hence
- 1 /2 = 1 n-2] 2a
(5.11) u(r)>a+ n—2f0 sK(s)[l (2) _e ds

=a+

1 e 3 l n—2 . r/2 —
e [1 (2) ]j(; sK(s)ds.

Thus there exists a constant R, such that u(R,) > 1. For r > R, we have

(5.12) 7(r)>1+— R sz?(s)[1 —(%)n_zle““’ds
w1 [ KO- e

In view of (5.8) and the proof of Theorem 2.1, we conclude that no function # can
satisfy (5.12) in [ R, 00). This completes the proof. Q.E.D.

THEOREM 5.2. Let K(x) > 0 be a locally Holder continuous function in R". If K(r),
as defined in (5.2), satisfies

(5.13) there exist a > 0, R, > 0 and C > 0, such that
K(r)> C/r* forr> R,
(5.14) there exist € > 0 and P > 2, such that

/“D_UR rK(r)dr>¢ forR > R,
R

then equation (1.2) does not possess any locally bounded solution in R".
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PROOF. Assume that u is a locally bounded solution of (1.2) in R". Then as in the
proof of Theorem 5.1, we have (5.9)—(5.12). But from (5.13), (5.14) and Theorem 2.2,
there is no function #(r) defined on [R, o0) satisfying (5.12). This contradiction
proves the theorem. Q.E.D.

THEOREM 5.3. Let K(x) > 0 be a locally Holder continuous function. If K(r), as
defined in (5.2), satisfies

f "sK (5) ds is strictly increasing in [0, c0) and

5.15 Ow
( ) f SI_((S)ds= 0,
0
(5.16) (%)m<,[0stk-(t)d’//(;rﬂ?(t)dtforsomem>Oand

forallr > s> R, > 0.

Then equation (1.2) does not possess any locally bounded solution in R". In particular,
if K(r) satisfies (5.15) and 0 < K(r)< C/r? for r > R, for some constants C > 0
and R, > 0, then K(r) also satisfies (5.16) and hence (1.2) does not possess any
locally bounded solution in R".

PRrOOF. Using the proofs of Theorems 5.1 and 2.3, we can easily obtain a proof.
We omit the details. Q.E.D.

THEOREM 5.4. Let K(x) > 0 be a locally Holder continuous function in R" and K(t)
be a locally Holder continuous function on [0, o). Let the average K(r) of K(x) in the
sense of (5.2) satisfy

K(ry>0 ifa.+B <r<a.+B.,

K(r)>K(r=8) ifa,+B <r<a,, +B5
fori=0,1,2,..., where {a;}2, and {B;}2, are two sequences satisfying the same
conditions as in Theorem 2.4. If
(517) () + () = R0 i (0,00),

u(0) =a, u(0)=0
does not possess any locally bounded solution in [0, ) for any real number a, then

(1.2) does not possess any locally bounded solution in R".

PROOF. The proof is similar to that of Theorem 2.4. Hence we omit the details.
Q.E.D.

6. The case n = 2. In the case n =2 and K(x) > 0, Ni [14] shows that: If
K(x)# 0 and K(x) < C/|x|" at infinity for some / > 2, then for every a € (0, B)
where B = min{8, (/ — 2)/3}, there exists a solution u of (1.2) such that

log|x|" = €’ < u(x) < log|x|" + C”

for |x|large, where C’ and C” are two constants.
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Later, McOwen [10, 11] improves this result by giving a sharp bound on B8 and
sharp behavior of u at infinity. For the nonexistence results, Sattinger [16] proves

Let K be a smooth function on R%. If K >0 on R?> and K(x)> C/|x|* at
infinity, then (1.2) has no solution on R? Ni [14] improves Sattinger’s result to
include the K such as K = (1 + sinr)/r2.

In this section, we give an existence result which overlaps parts of the results of Ni
[14] and McOwen [10, 11] but with different method. We also give some nonex-
istence results improving Ni’s result.

THEOREM 6.1. Let K(x) > 0 be a locally Holder continuous function on R*. Let
K \(r) and K,(r) be two locally Hélder continuous functions on [0, o). If

(6.1) K,(0) > 0,

(6.2) 0 < K,(]x|) < K(x) < Ky(|x|) forallx € R?,

(6.3) there exists a > 0 such that /x sEP2OK (5)ds < o0,
0

then (1.2) has infinitely many solutions on R* with logarithmic growth at infinity.
ProoOF. Consider the equations

(6.4) Av = K,(|x])e?, xeR,

(6.5) Aw = K,(|x])e*™, xR

From (6.2), it is easy to see that a solution v of (6.4) is a supersolution of (1.2) and a
solution w of (6.5) is a subsolution of (1.2) in R It is natural to seek solutions of v
and w depending only on |x|. Considser now (6.5). We try to find a solution w(|x|)
of (6.5) with w(0)= B and w’(0) = 0. Then (6.5) is equivalent to the following
integral equation

(6.6) w(r)=R8+ j;rslog(g)Kz(s)ezw(”ds.
Now we choose 0 < a’ < a and B such that

(6.7) /:slog(g)Kz(s)ez‘B*“ds < %
(6.8) /()e sK,(s)e*P*Vds < %',

(6.9) /:c sUH20K (s)eX B ds < %/,
(6.10) f:c s“”""log(f)Kz(s)ez‘B“’ds < %

Define the function Ag(r) by
(6.11) Ag(r)=(B+1) if0<r<e,
Ap(r) = (B +1) +a'log(r/e) ifex<r.
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Now let X denote the locally convex space of all continuous functions on [0, c0) with
the usual topology and consider the set

(6.12) Y={weX:B<w(r)<dyr), re(0,0)}.

It is easy to see that Y is a closed convex subset of X. Let T be the mapping
(6.13) (Tw)(r) = B+ [ slog[ ) Ky(s)e™ as.
0

We shall prove that T is a continuous mapping from Y into itself such that TY is
relatively compact.
First, we verify that TY C Y. Assume w € Y. Hence we have

(6.14) B <w(r)<Ag(r) forre [0,00).

It is easy to see that Tw is also continuous and 8 < Tw(r) for r € [0, o0). Now for
0 < r < e, we have

(6.15) (Tw)(r) = B + jo'slog(f)xz(s)ezws

<B+ Leslog(§)K2(s)e2(B+l)ds

<(B+1)=Ay(r).

For e < r, we have

(6.16) (Tw)(r) = B+ [ slog ) Ky(s)e? " ds
0
+[slog(§)K2(s)ezw“’ds
<B+/e“og(l)Kz(S)e“ﬁ‘”ds
0 N
" 5 2Ag(s)
+fe slog(s>K2(s)e 8() ds
r e
< B+ log(;)[} sK,(s)eX B+ ds
¢ E 2(B+1)
+f0 slog(s)Kz(s)e ds
) —
+[00 S(l+2a’)log(f)Kz(s)eZ(B+1)ds
a/ r 1 a/ r 1
<B+Flogg) ey Tlogf)+3
- (B+ 1)+ aiog )

= A'B(r).
This verifies that TY C Y.
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Now let {w,, }°_, C Y be a sequence converges to w € Y in the space X. Then
{w,, } converges to w uniformly on any compact interval on [0, c0). Now

(6.17) |Tw,,(r) — Tw(r)|< f slog( )K (5)]e2m( — 2| ds
But
(6.18) slog(g)Kz(sﬂezwm(” e g slog( )K (5)(e246) — £28)

S

and slog(r/s)K,(s)e**s(*) is integrable. Hence from (6.17) and the uniform conver-
gence of w,, to w on any compact interval, we conclude that Tw,, converges to Tw in
X. This verifies that T is continuous in Y. We can easily compute that

(6.19) (Tw)'(r) =f0' (%)Kz(s)ez‘““’ds
\/( JKa(s)e 01 ds.

Hence, on any compact interval of [0, 00), TY is uniformly bounded and equicon-
tinuous. This proves that TY is relatively compact in Y. Thus we can apply the
Schauder-Tychonoff fixed point theorem to conclude that T has a fixed point w in
Y. This fixed point w is a solution of (6.6) and hence a solution of (6.5). Note that,
when we have a solution w of (6.6) with a given 3, then we also have a solution w of
(6.6) with B replaced by smaller B’s.

Similarly, we can construct solution v(|x|) of (6.4) such that v(0)= B8’ and
v’(0) = 0. For a given B’, since K,(0) > 0, we can choose 8 < B’, such that (6.6) has
a solution w and w(r) < v(r) for all r € [0, o0). Using Theorem 2.10 of Ni [13], we
conclude that (1.2) has a solution u(x) between w(|x|) and v(|x]). Now we can
choose another B8’ smaller than this 8 to repeat the arguments. This completes the
proof of this theorem. Q.E.D.

THEOREM 6.2. Let K(x) > 0 be a locally Holder continuous function in R%. If K(r),
as defined in (5.2), satisfies

(6.20) K(r)= C/r*(logr)*

for r = R for some constants C > 0 and a > 0, then equation (1.2) does not possess
any Iocally bounded solution in R,

PROOF. Assume that u is a locally bounded solution of (1.2) in R%. Then the
average u satisfies (5.3) for n = 2. Letting u(0) = 8 = u(0), we have

(6.21) a(r) >fr(%)l?(s)e2““’ds,

(6.22) ,B+f slog( )K(s)ez“‘”ds
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Without loss of generality, we may assume that K(0) > 0 and hence Ki (0) > 0. For
r > e, we have

(6.23)  a@(r)>B+ f slog( =) R(s) ) ds
+f slog(g)l?(s)e“‘“ds
B+f SIong(s)eZBds+f slog( - )K( )e25) s
> B+ Cllogr+/ slog( )K( )25 gy,

Thus there exists a constant R, such that, for r > R,

(6.24) a(r) > Czlogr+f slog( )K(s)ez"(‘)ds
Czlogr+f slog( )K(s)ez““)ds

for some C, > 0. Let

(6.25) u(r) =3Clogr + v(r) forr>R,.
From (6.24), we have
6.26 o(r lC logr + slog K(s)sC2e2®) ds
2 2
1

5Clogr + slog K(s)s20%(s) ds.
2

But from assumption (6.20), we have
(6.23) K(s)sC2 > C/s?"C(logs)* = C/s?

for s > R, > R,. Hence from Theorem 3.1, there is no v in [R,, ) satisfying
(6.26). This completes the proof of this theorem.

THEOREM 6.3. Let K(x) > 0 be a locally Holder continuous function in R%. If K(r),
as defined in (5.2), satisfies

(6 2 1) fr ‘sl Ji (S) dS is ’710’10t0ni€a”y Str lCtly increasing in
. 0
[0, OO) for all a > 0.

(6.25) For given any o > 0, there exists an R, > 0 such that
lOgS " s l1+ag " l+ap
(——logr) gL t K(t)dz/j(; 1K () dt

for some m >0 and for all r > s> R,, then (1.2) does not possess any locally
bounded solution in R?.
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PROOF. Assume that u is a locally bounded solution of (1.2) in R%. Then as in the
proof of Theorem 6.2, we have (6.21)-(6.26). Now we can let w(r)logr = v(r) for
r = R,. Then from (6.26), we have

(6.27) w(r) > c+L(yJ%wmnw2m¢

log
Now using a similar argument as in the proof of Theorem 3.3, we conclude that

there is no function w satisfying (6.27). This contradiction proves the theorem.
Q.E.D.

THEOREM 6.4. Let K(x) > 0 be a locally Holder continuous function in R* and K(t)
be a locally Holder continuous function on [0, cc). Let the average K(r) of K(x) in the
sense of (5.2) satisfy the same assumptions as in Theorem 5.4. If

()+“() R(r)e " in (0, w0).
u(0)=a, u(0)=0

(6.28)

does not possess any locally bounded solution in [0, 00) for any real number «, then
(1.2) does not possess any locally bounded solution in R,

PROOF. The proof is similar to that of Theorem 2.4. Hence we omit the details.
Q.E.D.

7. The case n = 1. In this case, we consider only the situation K(x) > 0 in (1.2).
We give a main existence result which has an extension to the higher-dimensional
case. We also give some nonexistence results.

THEOREM 7.1. Let K(x) > 0 be a Holder continuous function in R. If K(0) > 0 and
there exists an a > 0, such that
(7.1) [7 ek (x) dx < oo,
e
then (1.2) has infinitely many locally bounded solutions in R with linear growth at
|x] = oo.

PrROOF. We shall seek solution u such that u(0) = 8 and u’(0) = 0. Consider now
x > 0. In this situation, (1.2) is equivalent to the integral equation

(72) uu)=ﬁ+fwx—nkuy“mw, x> 0.
0
Now choose 8 € R so that
1 «a
7.3 K(t ez"““dtgmin{—, },
(7.3) [ K@) :
* «a
2a1,2(B+ 1) had
(7.4) ﬁ K(1)e* e Vi < 5.
Let

_[(B+1) if0< x <1,
A(x)_{(,li’+1)+ax if1 < x.
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As in the proofs of Theorems 2.4 and 3.4, we let X denote the locally convex space
of all continuous functions on [0, co) with the usual topology and consider the set

Y={yeX: B<y(x)<A(x)forx>0}.
Clearly, Y is a closed convex subset of X. Now define the mapping T by

(1.5) (Ty)(x) = B + jo (x — 1)K (1) e dr.

If y € Y, then B < y(x) < A(x). Hence we have

(7.6) (Ty)(x) = B + fo (x — 1)K (1)e>Vdr > B.

On the other hand, for 0 < x < 1, we have

(7.7) (Ty)(x) = B + /O (x — 1)K(1)e™ O dr
<B +f0‘ K(1)eXBD dr

< B+1=A(x).

For1 < x, we have

(7.8) (Ty)(x)=pB+ fl (x — 1)K(1)e> O dr + fx (x — 1)K(1)e>® dr

<B+x'f

' K(t)e*B*Dgr + x -foo K(t)e**%eB*D gy
0 1

<B+%-x+%x<(,8+1)+ax=A(x).

Hence T maps Y into itself. As in the proofs of Theorems 2.4, 3.4 and 4.1, we can
easily verify that T is continuous and T'Y is precompact. Hence T has a fixed point
y € Y. This fixed point y is a solution of (1.2) for x > 0 with y(0) =8 and
y'(0) = 0.

Similarly, we can find a solution of (1.2) for x < 0 with y(0) = B and y’(0) =0
provided that B € R is properly selected. It is also easy to see that if y is a solution
of (1.2) with y(0) = B and y’(0) = 0, then there is also solution y with y(0) = B’
and y’(0) = 0 provided that 8’ < . The linear growth of solutions at |x| = co can
be easily established as in the proof of Theorem 4.1. This completes the proof of this
theorem. Q.E.D.

We can apply this theorem to the higher-dimensional case as used in Ni [13, 14]
and Kawano, Kusano and Naito [3].

THEOREM 7.2. Let K(x) = 0 be a locally Holder continuous function in R" = R X
R~ Let ¢,(x,) and ¢*(x,) be two locally Holder continuous function in R. If

(7.9)  0<¢ul(x)) <K(x)<9*(x,) forallx=(x,x')ERXR,
(7.10) ¢4(0) > 0 and /w eexlg*(x,) dx, < oo for some a > 0,

then equation (1.2) has infinitely many locally bounded solutions in R".
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PROOF. The proof is actually similar to that of Theorem 4.2. We omit the details.
Q.E.D.

Now let u be smooth function on R and K(x) > 0 be a continuous function on R.
We define the averages # and K by

(7.11) a(r) = 5lu(r) +u(=r)],  r>0

(7.12) Ky =[5k + k(=) r=o0.

Our nonexistence results are

THEOREM 7.3. Let K(x) = 0 be a locally Holder continuous function on R. If the
average K(r) of K(x) in the sense of (1.12) satisfies

(7.13) K(r)>C/re

for r > R, and for some constants C > 0, a > 0, then equation (1.2) does not possess
any locally bounded solution on R.

PROOF. Assume that u(x) be a solution of (1.2) in R. Then we have
(7.14) w(r) = 3[u(r) +u"(=r)]
= 1[K(r)e?® + K(=r)e? 7).
But we have
(7.15) o2 = (eum)Z < [%(eu(f) + eu(—f))]2
< [%(K(r)ez“(’) + K(—r)ez“(’))]
(k) + k(=17

Hence we have

(7.16) a’(r) > K(r)e?* ", r=0.

It is also easy to see that #(0) = u(0) and u’(0) = 0. From (7.16), we have
(7.17) @(r) ;/0’ K(1)e?™ 0 g,

(7.18) a(r)> B+ jo (r — 1)K (1) e d.

Without loss of generality, we may assume that K(0) > 0 and hence K(0) > 0. For
r > 1, we have

(7.19)  a(r)> /8+fl (r=1t)K(1)e*™ " dt +f'(r— 1)K (t)e?™ 0 dr
> B+ rfl (1-1)K(t)e*dr + fr (r—t)K(t)e?™" dr
0 1

>2C,-r+ fr (r—t)K(t)e*™ " dt
R,
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for r > R, > 1 and for some C, > 0. Now let v(r) = u(r) + C, - r. We have from
(7.19)

7.20 v(r)=>C,-r+ ' (r—1)K(t)e?" - 2 dt,
1
Rl
Let v(r) = w(r) - r, we have
7.21 wir)s ¢+ [ (1= L)K(r)erc. e ar.
! r
R,
Now let K(¢) =t 'K(t)e>“+". We have from (7.13)
(7.22) K(t)> C/t?
fort > R, > R, for some C > 0. But (7.21) becomes
(7.23) w(r)> C, + j: t(l - %)K’(z)wz(z)dt.
1

From Theorem 2.1, there is no function w satisfying (7.23). This contradiction
proves the theorem. Q.E.D.

THEOREM 7.4. Let K(x) > 0 be a locally Holder continuous function on R. If the
average K(r) of K(x) in the sense of (7.12) satisfies

, _ 0 —

e*K(s) ds is strictly increasing and e“K(s)ds = o0
(120 [ eK(s) y gand [~ e“K(s)
for all a > 0.

For any given a > 0, there exists R, > 0, such that
(7.25) (5)”’ * o
p sfo e K(t)dt/fo e*K(t)dt

for some m > 0 and for r > s > R, then equation (1.2) does not possess any locally
bounded solution in R.

PrOOF. Using the proofs of Theorems 7.3 and 2.3, we can easily prove this
theorem. We omit the details. Q.E.D.

THEOREM 7.5. Let K(x) > 0 be a locally Holder continuous function in R and K1)
be a locally Holder continuuos function in [0, 00). Let the average K(r) of K(x) in the
sense of (7.12) satisfy the same assumptions as in Theorem 5.4. If

u”(r)=K(r)e* in(0,00),
{u(O) =B, w(0)=0

does not possess any locally bounded solution in [0, 00) for any real number B, then
equation (1.2) does not possess any locally bounded solution in R.

(7.26)

PrROOF. The proof is quite similar to that of Theorem 2.4. Hence we omit it.
Q.E.D.
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