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ON THE ELLIPTIC EQUATIONS Am = K(x)u° AND A« = K(x)e2u

KUO-SHUNG CHENG AND JENN-TSANN LIN

Abstract. We give some nonexistence results for the equations Au = K(x)u° and

A« = K(x)e2" for K(x)> 0.

1. Introduction. In this paper we study the elliptic equations

(1.1) Au = K(x)u°    inR"

and

(1.2) ku = K{x)e2u   inR",

where o > 1 is a constant, A = ¿Z"=xd2/dxf and K(-) is a bounded Holder

continuous function in R". We are concerned with the existence problems of locally

bounded and positive solutions for (1.1) and locally bounded solutions for (1.2).

These problems come from geometry. We give a brief description and refer the

details to Kazdan and Warner [5] and Ni [13, 14]. Let (M,g) be a Riemannian

manifold of dimension n, n > 2, and K(-) be a given function on M. We ask the

following question: can one find a new metric gx on M such that K is the scalar

curvature of gx and gx is conformai to g (i.e., gx = \pg for some function \p > 0 on

M)? In the case n > 3, we write ¡p = w4/("~2). Then this problem is equivalent to the

problem of finding positive solutions of the equation

(1.3) A<"n~}\u -ku + Ku<" + W-V = 0,
n — 2

where A, k are the Laplacian and scalar curvature in the g metric, respectively. In

the case M = R" and g = (8¡j), then k = 0 and equation (1.3) reduces to (1.1) with

a = (n + 2)/(n - 2), after an appropriate scaling and sign changing of K(-). In the

case n = 2, we write \p = e2u. Then this problem is equivalent .to the problem of

finding locally bounded solutions of the equation

(1.4) Au- k + Ke2u = 0,

where A, k are the Laplacian and Gaussian curvature on M in the g metric. In the

case M = R2 and g = (5,.), we have k = 0 and equation (1.4) reduces to (1.2), after

a sign changing of K.
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In [13 and 14], Ni makes major contributions to the existence of solutions for (1.1)

and (1.2). After these two papers, there are many improved results published, such as

McOwen [10, 11], Naito [12], Kawano, Kusano and Naito [3], Kawano and Kusano

[4], Kusano and Oharu [7], Ding and Ni [1], Kusano, Swanson and Usami [8] and

Lin [9].

In this paper, we consider the case K(x) ^ 0 in (1.1) and (1.2). We obtain some

nonexistence results which make the understanding of the case K(x) > 0 almost

complete. We divide this paper into two parts. In Part I, we consider (1.1). Thus we

consider the case (1.1) with n > 3 in §2, (1.1) with n = 2 in §3 and (1.1) with n = 1

in §4. We consider (1.2) in Part II. Thus we consider the case (1.2) with n > 3 in §5,

(1.2) with n = 2 in §6 and (1.2) with n = 1 in §7.

We remark that the technique of the proof of the main nonexistence theorem is

essentially equivalent to the proof of Keller [6]. We thank the referee for bringing the

reference [6] to our attention.

Part I. Au = K(x)ua

2. The case n > 3. In this case, Ni [13] proves the main existence result: Let K be

bounded. If |A"(x)| < C/\x\2+e at oo for some constants C > 0 and e > 0, then

equation (1.1) has infinitely many bounded solutions in R" with positive lower

bounds. Later on, Naito [12] improves the result: If |J\~(x)| < <#>(|x|) for all x e R"

and fr't<t>(t)dt < oo, then equation (1.1) has infinite many bounded positive

solutions which tend to a positive constant at oo. On the other hand, when

K(x) 77> 0, Ni [13] proves a nonexistence result: If K(x) > C/\x\2~e at oo for some

constants C > 0 and e > 0, then (1.1) does not possess any positive solution in R".

Lin [9] proves that it is still true even e = 0. In view of Naito's existence result, we

expect that the following conjecture be true.

Conjecture. Let K(x) > K(\x\) > 0 for all x e R" and /0°° sK(s) ds = oo. Then

(1.1) does not possess any positive solution in R".

We give three theorems which almost answer this conjecture completely. Follow-

ing Ni [13], we define the averages of u(x) > 0 and K(x) ^ 0 by U(r) and K(r),

(2.1) ü{r) = -±—f       u(x)dS,
unr"       J\x\-r

(2-2) K(r)=\—l—f       —^— ,

where dS denotes the volume element in the surface integral, co„ denotes the surface

area of the unit sphere in R" and l/p + I/o = 1.

For the sake of completeness, we give another proof of Lin's result of non-

existence [9] in the following.

Theorem 2.1. Let K(x) be a locally Holder continuous function. If K(x)> 0 and

K(r)^ C / r2 for r large for some constant C > 0, then equation (1.1) does not possess

any positive solution in R".
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Proof. Let « be a positive solution of (1.1) in R". Then from Ni [12, Lemma 3.21],

we have

(2.3)

1
n-2

u"(r)--«'(#■)> K(r)u°(r)    in(0,oo),

kü(0) = a>0,    ü'(0) = 0.

Hence we have

(2.4) U{r) > a +-^ f sK{s)
n - i j0

Now assume that K{r)^ C/r2 for r > R0. Let r > R0. Then from (2.4), we have

(2.5) B(r)>a + _i_^.rf(,)[1-(£]

1

W{s)ds.

n-2

+ -*-,(' sK(s) 1-f-
n - 2 JR [      \r

W(s)ds

W(s)ds

U"{s)ds

> a + C ■ 1 -
n-2

/'

/2   1
ds

R Sn-2

> Cxlogr

for some Cx > 0 and r > Rx > 2R0. For R > Rx and R < s < r < 2R, we have

(2.6) 1/2 <*/*■<!■

Hence

, «-21
(2.7) ■If -n-2

[r-2-,«-2]> («-2)1^)      (r-s).1/
2

From (2.4), (2.5) and (2.7), we obtain

(2.8) U(r) > Cxlo%R + -§ f (r - s)U°{s)
R¿ JR

r < 2R, where C2 > 0 is a constant. Lei

g(r) = CxlogR + ^ f (r - s)W(s) ds.
R    JR

for R > Rx and R ^ r ^ 2R, where C2 > 0 is a constant. Let

(2.9) -      - •     - -   C

Then

(2.10)

and

(2.11)

g(R) = CxlogR,    g'(R) = 0,

g'(r) = ̂ fu°(s)ds>0,
R    JR

g"(r) = ^-ü°(r)>^-{g(r))
R R¿
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From (2.10) and (2.11), we have

2C,
2g"(r)g'(r)>-r{g(r))°g'(r),

or

R-

d{WiA)>Ajîî
dr

Í7Jg°+1(r)

Hence

(2.12) [g'(r)]: >
2C,

[g°+1(r)-g° + \R)}.
(a+ 1)R2

Let ß = Cx log R = g(R) and 8 = C2/R2. Then we have

[g'(r)}2>^[g°+1(r)-ß°+1]-

Thus

(2.13)
/•«(»•)

f<
dg 28   \1/2 f ,

ß      Jg°+1 - ß°+1  '   \° +

Let g(r) = ßz, we have

(2.14) f dz' > (^.)1/2j8(-i)/2(r _ Ry

Ji   /(z')°+1-l      U + 1'

Now if we choose Ä so large that

(2.15)    (^-)      .0<-«/2.Ä_ 2C 1/2

(o+l)R2

^1/2(ClioeRr-^2

00 dz

(QlogÄ)     u/   -R

[ az

h ^»+1  _   1

Then there is a /?c < 2/?, such that

(2.16) lim g{r) = oo.
r->fi(

But w(/?c) > g(Rc) = °°- This is a contradiction. This completes the proof of this

theorem.

Now we can state our main nonexistence results.

Theorem 2.2.  Let K(x) ^ 0 be a locally Holder continuous function. If K(r)

satisfies

(1) there exist a > 0, R0 > 0 and C > 0, such that

K(r)> C/ra   forr> R0,
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(2) there exist e > 0 and P > 2, such that

r(P-i)R

Jr
rK{r)dr^e   for R > R0,

then equation (1.1) does not possess any positive solution in R".

Proof. Assume that (1.1) has a positive solution u(x) in R". Then as in the proof

of Theorem 2.1, we have

-(;)""(2.17) U(r) > a +-^j f sK(s)
n — ¿ J0

From assumption (2), we have

(2.18) /    sK{s)ds= oo.
Jo

Hence

U(r)> a + C f/2 a°sK{s) ds

and

(2.19) lim ü{r) = oo.
r—*oo

Thus we can choose jR0 so large that

(2.20) «(*„) > 1.

Now let R > R0. From assumption (2), we have

(2.21) ü{PR)>u{R) + ^f™sK{s){l-(^y~2

W(s)ds.

> u(R) +
1

u°{R) 1
P- 1

u°{R)ds

s(P-1)R    —,   .
sK{s)ds

n-2

t> u{R) + Cxu"{R),

where 1 > Cx > 0 and Cx is a constant.

From (2.20), (2.21) and the fact that a > 1, we have

(2.22) U(PmR) >(l + Cx)m    for all R > R0 and m > 1.

Choose ax > 0 so small that

(2.23) log(l + Cx) > aJlogP + log{PR0)].

Then

(2.24) mlog(l + Cx) > ax[mlogP + log(P*0)].

Hence (1 + Cx)m > {PmR)ai for all m > 1 and PR0 > R > R,0. This means that

u{PmR) > (PmR)a' for all m > 1 and PR0^ R> R0. Hence

(2.25) w(r) >/•<*>    for/->Ä0.

Now we return to (2.21). We have for R > R0

(2.26) U{PmR) > Qi/'iP""1/?) > Ci1+0+ - +°""I) • ü°\R)

=  C(a"-l)/(a-l).5a-(Ä)) m>l
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Hence

(2.27) log{ü(PmR))> a' logü(R) + 1     1/iqmiogC1
a - 1

> a' ax log R
a - 1

llogCj

axlogRx>—-\logCx\+C2.

log{U(PmR)) > C2om

Choose C2 > 0 and Rx sufficiently large, such that

(2.28)

Then

(2.29)

for R ^ Rx and m > 1.

Now we can choose a2 sufficiently small, such that

loga 7> a2{logP + logPRX).

Then

mloga ^ a2(mlogP + logPRX),        m > 1.

Hence a"' > (PmR)a' for m > 1 and PRX > R > Äx. Hence from (2.29), we have

ïï(PmR)> exp[c2(PmR)a2]

for w > 1 and PRX ̂  R ^ Rx. That is,

(2.30) ü(r) > exp[C2r°2]

for r > Rx. Hence from (2.17), for r > Rx, we have

U{r) > U{RX) + —L- fRSK{s) l-(;)"2 u"(s)ds

= u(rx) + r^fR 41 -(;)" 2]t^J) • «<a"1)/2(^)]"(0+1)/2(^)

Now from (2.30) and the assumption (1), we can choose R2 > /?i so large that

K(s)uin-l)/2(s)>C3/s2

for i t> R 2 for some constant C3 > 0. Hence we have

(2.31)

û(r)>u(Rx)+^^s[K(s)-û<°-^2(s)][l-(S-)"~2

eis.

ü(° + 1)/2(s) ds

»w+tM *•#-(;)""'w(0 + 1)/2(s)tfc.

But from the proof of Theorem 2.1, this is impossible. Hence we complete the proof

of this theorem.

Theorem 2.3.  Let K(x) > 0 be a locally Holder continuous function.  If K(r)

satisfies

(1) ¡7sK(s)ds is strictly increasing in [0, oo) and /0°° sK(s)ds = oo,

(2) (s/r)m < ¡¿tK(t)dt/j7tK(t)dt for some finite m > 0 and for all r > s > R0

> 0,

then equation (1.1) does not possess any positive solution in R".
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In particular, if K(r) satisfies (1) and 0 < K(r) < C/r2 for r > Rx for some

constants C > 0 and Rx > 0, then K(r) also satisfies (2) and hence (1.1) does not

possess any positive solution in R".

Proof. Assume that (1.1) has a positive solution u(x) in R". Then as in the proof

of Theorem 2.2, we have (2.17). Let

f(r) = f sK(s)ds = r¡.

Then /: [0, oo) -» [0, oo) is one-one and onto. Hence / ' exists and let it be denoted

by g. Let

t=f(s),    ij=/(r),    S(g(ij)) = d(ij).

Then from (2.17), we have

i     ,, r    / _/.\ \(»-2)i
(2.32) v{r,)>a + ——/

n      ¿ j0
1 - r(0

g(v)
va(t)dt.

From the assumption (2), we have

(2.33) g(t)/g(ri) < it/v)1/m    faralli, >/>/(*„)•

Hence from (2.32) and (2.33), we have

(2.34) D(îf)>5(A0) + _LîJ
f(R0) L

1 -
(n-2)/m

v"{t)dt.

But from Theorem 2.1, this is impossible. Hence (1.1) does not possess any positive

solution.

If in addition to condition (1), K(r) also satisfies 0 < K(r) < C/r2 for r > Rx.

Then we have

d l í¿tK(t)dt\ _ r2K(r) - ¡7tK(t)dt      C - j7tK(t)dt

dr\ r        ) r2 ^ r2

for r ^ Rx. Thus we can choose R2 > Rx so large that

C - f tK(t)dt < 0    for r^ R-,.

Hence \7tK(t)dt/r is monotonically decreasing for r > R2. Thus K(r) satisfies

condition (2) for r > í > R2.

This completes the proof of this theorem.

Theorem 2.4. Let K(x) > 0 be a locally Holder continuous function in R" and K(t)

be a locally Holder continuous function in [0, oo).

Let the average K(r) of K(x) in the sense of (2.2) satisfy:

K(r) > K(r - ß,)    tf a, + ft < r < o/+1 + ß„

K(r)>0    ifai + x + ß,<r<a, + x+ ß,+ x
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for i = 0,1, 2,..., where {a,}°i0 is a strictly increasing sequence satisfying a0 = 0

and limn_00an = oo and {/S,}^10 !Ä a nondecreasing sequence satisfying ß0 = 0 and

ßj/otj < M for some constant M > 0 and i = 1,2,_If

n - 1

(2.35)
u"{r) +-u'(r) = K(r)u°(r)    in (0, oo),

u{0) = a>0,    u'{0) = 0

does not possess any solution in [0, oo) for all a > 0, then (1.1) does not possess any

positive solution in R".

Proof. Assume that (1.1) has a positive solution u(x) in R". Then as in the proof

of Theorem 2.2, we have

(2.36) "(r) > a + 7=2(sK(s) 1_(;)"2 ü"(s">ds-

Now we define the function v by

(2.37) v{r) = ü{r + ß,)    if «,. < r < ai+x

for /' = 0,1,2,_We shall prove that

A
(2.38) »«»«^J^«!1 "(;)""

v°(s)ds,

where A is a positive constant depending only on the constant M. To prove (2.38),

let a, < a- < aI+1. Then from (2.36), we have

1        fr + ß,    -,
ü(r + ßi)>a + —^rßlsK(s)

n — L J0

ra\   —

n - 2\ + ß,

1

1 -

r + ß,

n-2

1  -

+

1     rr+i1 rr + ßi     — ,    x

+ :—2/      sK{s)

= a +- /    sK{s)
n - 2 Jn

1 -

1 -

r + ß,

r + ß,

r + ß,

r + ßi

1-2

n-2

W(s)ds

üa(s)ds

ü°(s)ds

ü°(s)ds

ü"{s)ds

+ -^)P(s + ßl)K{s + ßx)

+   ...

+ -^f(s + ßi)K(s + ßl)

S + ß,

r + ßi

n-2

u"{s + ßx)ds

1-  i±Ä
r + ß,

n-2

üa(s + ß,) ds.
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But for 1 «S / si i,

s + ßj

r + ßi
>1

S + ßj

r + ßi

(l+ß,/r)n'l-(s/r + ßi/r)n
-2

(1 + ßi/r)
n-2

l-{s/r)
n-2

(i + /V«,)
Hence we have

ü{r + ß,) > a + -à— P sK{s)
n — L Jn

A

— >A\\-{s/ry-\

+ ■

+¡^2/;•»(») i
n-2

ü'(s)ds

ü°{s + ßx)ds

ü°{s + ß,)ds.

Hence (2.38) is true for all r e [0, oo). Let v = A1^"'1^ and à = ^1/("-1)a. Then

(2.38) becomes

n-2l

6<'>»° + ;rH/><4-(7)' va{s)ds.

Now let X denote the locally convex space of all continuous functions on [0, oo)

with the usual topology and consider the set

Y= {ye X: à < y(r) < v{r) for r > 0},

where v is defined above. Clearly, Y is a closed convex subset of X. Define the

mapping T by

(2.39) Ty{r) = â + ^-2(sK{s)[l-^)n+2'

If y e Y, then & < y{r) < £>{r). Hence we have

and

Ty(r) = â + ^-2^sK(s)[l-^)

Ty(r)^ + ^^sk{s)[l-(^y-

y°{s)ds.

y"(s)ds > ä

va(s)ds < v(r).

Thus T maps Y into itself. Let {ym}'£=i e Y be a sequence which converges to y in

X. Then { ym} converges uniformly to y on any compact interval of [0, oo). Since

n-2

y¿(s)-y°is)\ds,(2.40) \Tym{r)-Ty{r)\^^f\K{s)[l-^)

we have {Tym} converges uniformly to Ty on any compact interval of [0, oo). Hence

T is a continuous mapping from Y into Y. On the other hand, we have

(2.41) {Tyy(r)=£(S-y~1K(s)y°(s)ds.
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Hence for any fixed R > 0, TY is a uniformly bounded and equicontinuous family

of functions defined on [0, R]. Hence TY is relatively compact. Thus we can use the

Schauder-Tychonoff fixed point theorem (see Edwards [2, p. 161]) to conclude that

T has a fixed point y e Y. This fixed point y satisfies the integral equation

Hence (2.35) has a solution for this à. This is a contradiction. The theorem is

proved.    Q.E.D.

y"{s)ds.

3. The case n = 2. In this case, we consider only the situation K(x) > 0 in (1.1).

Kawano, Kusano and Naito [3] obtain the following existence result: Let K(x) > 0

be a locally Holder continuous function which is positive in some neighborhood of

the origin. If

K(x)<k(\x\)    for all x e R2

and

/    s(logs)"K(s)ds < X.

Then equation (1.1) has infinitely many positive solutions in R2 with logarithmic

growth at infinity.

To our knowledge, there seems no known nonexistence result. Our nonexistence

results are

Theorem 3.1. Let K(x) > 0 be a locally Holder continuous function in R2. Let the

average K(r) of K(x) in the sense of (2.2) satisfy

(3.1) K(r)>C/r2{logry + 1    forr>R0.

Then equation (1.1) does not possess any positive solution in R2.

Proof. Assume that (1.1) has a positive solution u(x) in R2. Then we have

U"(r) + ü'(r)/r> K{r)ü°{r),
(3.2)

\ü(0) = a>0,    5'(0) = 0,

where ü and K are defined in (2.1) and (2.2). From (3.2), U{r) satisfies the integral

equation

(3.3) û{r)> a + f slog(-)K(s)ü°(s) ds.

Without loss of generality, we assume that K(0) > 0 and hence A^(0) > 0. Thus we

have from (3.3)

(3.4) U(r) ><*+ f slog(^\K(s)W(s)ds + f slog([^K(s)üa(s) ds

> a + (   slogrK(s)W(s)ds
Jo

t> a + a" • log/- • f   sK(s) ds
Jo

> a + Cx log r

for r > 1 and a constant Cx > 0.
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Now consider r > e. We have

(3.5) u(r) >a+ f slogí ^)k(s)ü°(s) ds

+ f slog(-)K(s)u°(s)ds

> Cxlogr + i slogí-)K(s)u°(s)ds.

Let v(r) = U(r)/logr for r > e. Then from (3.5), we have

(3.6) v{r)> Cx+ £ s[l -^K{s){logs)°v°{s)ds.

Let t = logs, t] = log/- and v(en) = v(r) = v(r¡). Then (3.6) becomes

(3.7) v(ri) >C1+f til - -\e2<K{e>)t^-"v°{t)dt.

77777=      A'V(  ö'\i("-l)Let K(t) = e2'K(e')t(°-l). Then from (3.1), we have

K(t) t> C/t2    fort>exp(R0)

and

(3.8) v(r,)>Cx+f\(l-^K(t)v°(t)dt.

Using a similar argument as in the proof of Theorem 2.1, we obtain a contradiction.

This completes the proof of this theorem.   Q.E.D.

Theorem 3.2. Let K(x) > 0 be a locally Holder continuous function in R2. Let the

average K(r) of K(x) in the sense of (2.2) satisfy

(3.9) There exist e > 0, P > 2 and R0> 0, such that

K   )R sK(s)(logs)"ds > e   for all R > R0.
JeK

(3.10) There exist a > 0, Rx > 0 and C > 0, such that

K(s) > C/s2(logsy+a)   for all s > Rx.

Then equation (1.1) does not possess any positive solution in R2.

Proof. Assume that (1.1) has a positive solution u(x) in R2. As in the proof of

Theorem 3.1, we have (3.3)-(3.7). Hence

(3.11) ü{V)>C1+f\ll-^K(t)v°{t)

But from (3.9) and (3.10), K(t) satisfies

(3.12) ((P~l)R tK{t)dt>e   forall i? >Ä0,

(3.13) K{s) > C/ta+a)    for all/> log ̂

Using a similar argument as in the proof of Theorem 2.2, we obtain a contradiction.

This completes the proof.   Q.E.D.

dt.



650 KUO-SHUNG CHENG AND JENN-TSANN LIN

Theorem 3.3. Let K(x) ^ 0 be a locally Holder continuous function in R2. Let the

average K(r) of K(x) in the sense of (2.2) satisfy

(3.14) /   sK ( s ) ( log s ) " ds is strictly increasing on [ 0, oo ) and
Jo

/-CO       _

/     sK{s){logs)''ds = ao,
Jo

(3.15) (j^)%/oirJr?(/)(logO°^//or^(0(logOa^

for some m > 0 and for all r > s > RQ> 0. Then equation (1.1) does not possess any

positive solution in R2. In particular, if K(r) satisfies (3.14) and 0 < K{r) <

C/r2(logr)° + 1 for r > Rx for some constants C > 0 and Rx > 0, then K(r) also

satisfies (3.15) and hence (1.1) does not possess any positive solution in R2.

Proof. Assume that (1.1) has a positive solution u(x) in R2. As in the proof of

Theorem 3.1, we have (3.3)-(3.7). Hence we obtain (3.8) or (3.11). But now K(t)

satisfies
/•oo

(3.15) /     tK{t) dt is strictly increasing in [l, oo) and
h

/•°°
/     tK{t)dt = oo,
•'i

(3.16) (±y*£t&(t)dt/£t£(t)dt

for some m > 0 and for all r¡ > s > log R0.

Using a similar argument as in the proof of Theorem 2.3, we obtain a contradiction.

This completes the proof.   Q.E.D.

Theorem 3.4. Let K(x) > 0 be a locally Holder continuous function in R2 and K(t)

be a locally Holder continuous function in [0, oo). Let the average K(r) of K(x) in the

sense of (2.2) satisfy

K(r) > 0    ifai+x + ß,<r< ai+1 + ß, + x,

K(r) > K(r - ß,)    if a, + ß, < r < «l+1 + ß,

for i = 0,1,2,..., where {a¡)f_0 is a strictly increasing sequence satisfying a0 = 0

and limn_00an = oo and {ßi)f=0 is a nondecreasing sequence satisfying ß0 = 0 and

ßi/at < M for some M > 0 for all i > 1. If

u"(r) + u'(r)/r = K(r)u°(r)    in (0, oo),
(3 17)

(w(0) = a>0,    w'(0) = 0

does not possess any solution in [0, oo) for all a > 0, then (1.1) does not possess any

positive solution in R2.

Proof. The proof is very similar to that of Theorem 2.4. Hence we only sketch the

proof. Assume that (1.1) has a positive solution in R2. Then we have

(3.18) ü(r)>a + f slogí ^)k{s)ü°{s) ds.
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Let

v(r) = u{r + ß7)    if a,-< r < a/+1

for i = 0,1,2,.... Then

(3.19) i>(/-) 3* a +¿ ■ j"rjlog(j)j:(j)i>0(j)dî.

Let X denote the locally convex space of all continuous function on [0, oo) with

the usual topology and consider the set

Y = {y G X: à < y{r) < v{r) for r > 0}.

Define the mapping T by

(3.20) (Ty)(r) = ä + f^ slog(-s)k(s)y°(s)ds.

We can prove that TY c F and T is continuous. Furthermore 7T is relatively

compact. Hence T has a fixed point in Y. Thus (3.17) has a solution for this given

& > 0. This is a contradiction. The proof is complete.   Q.E.D.

4. The case n = 1. In this case, we also consider only the situation K(x) ^ 0 in

(1.1). We give a main existence result which have an extension to the higher-dimen-

sional case. We also give some nonexistence results which may have applications.

Theorem 4.1. Let K(x) > 0 be a Holder continuous (actually only continuous is

sufficient) function in R. If K(0) > 0

/OO 0

|jc| K{x)dx < oo,
-oo

then (1.1) has infinitely many positive solutions in R with linear growth at \x\ = oo.

Proof. We shall seek solutions u such that «(0) = a > 0 and w'(0) = 0. Consider

now x > 0. Then equation (1.1) with u(0) = a > 0 and u'(0) = 0 is equivalent to the

integral equation

(4.2) u(x) = a + fX (x- t)K(t)ua(t)dt,        x>0.
Jo

Now choose a so small that

(4.3) 2V°"1>/'1 K(t)dt^\,

(4.4) 2V-1»/     K(t)t"dt^-.
Jx I

Let

j(r\=(2a      ifO<*<l,
K   '     \2ax    ifl<JC.

As in the proofs of Theorems 2.4 and 3.4, we let X denote the locally convex space

of all continuous functions on [0, oo) with the usual topology and consider the set

Y = {y e X: a <y{x) < A(x) for x > 0}.
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Clearly, 7 is a closed convex subset of X. Let the mapping T be defined by

(4.5) {Ty){x) = a+ [X (x-t)K(t)y°(t)dt,        x>0.
Jo

If y e Y, then a < y(x) < A(x). Hence we have

(4.6) (Ty)(x) = a + f (x - t)K(t)y"(t) dt

>a+ f  (x - t)K{t)a°dt > a.
Jo

On the other hand, for 0 ^ x < 1, we have

(4.7) (Ty)(x) = a+ fX (x- t)K{t)y"(t) dt

< a + C K(t)(2a)"dt
Jo

= a 1 + 2aa("-l)f1 K{t)dt

< a[\ + {-] < 2a = A(x).

For 1 < x, we have

(4.8) (Ty)(x) = a+ /' (x - t)K(t)y"(t) dt + f (x - t)K(t)y"(t) dt

^a + x      K(t)(2a)" dt + x       K(t)(2at)° dt
•>o h

< ax + ax 2°a(°~l) /"' K{t) dt   + ax 2aa("-l) C K(t)t"dt
J0 Jx

< ax[l + è+ 2] < 2ax = A(x).

Thus T maps Y into itself. Now let {ym)„=x e Y be a sequence which converges to

y in X. Then {ym} converges uniformly to y on any compact interval of [0, 00). But

(4.9) \TyJx) - Ty(x) I < f (x - t)K(t)\y¿(t) -y'{t)\dt,
•>0

we conclude that {Tym) converges uniformly to Ty on any compact interval of

[0, 00). Hence T is a continuous mapping from Y into Y. As in the proof of Theorem

2.4, the precompactness of T can be verified by

(4.10) \(TyY(x)\*[XK(t)y'(t)dt

/•OO

< /    K{t)(2a)"tadt < 00.
•In

Thus T has a fixed point y e Y. This fixed point y is a solution of equation (1.1)

for x t> 0 with y(0) = a and y'(0) = 0.

Similarly, we can find a solution of equation (1.1) for x < 0 with >>(0) = a and

v'(0) = 0 if a is sufficiently small. Now let y(x) be the solution of (1.1) in R with
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y(0) = a, y'(0) = 0. Then

(4.11) 2ax > y(x) = a+ f (x - t)K(y)y"(t) dt
Jo

>a+ P (x- l)K{t)a"dt
Jo

3ï a + kx{x — Y) > k2x

for x large. Hence y grows linearly at \x\ = oo. Now we can choose a smaller v(0),

such as y(0) = a/2 to obtain another solution. This completes the proof of this

theorem.    Q.E.D.

We can apply this theorem to the higher-dimensional case as used in Ni [13, 14]

and Kawano, Kusano and Naito [3].

Theorem 4.2. Let K(x) ^ 0 be a locally Holder continuous function in R" = R X

R"-1. Let <p*( xx) and 4>*(xx) be two locally Holder continuous function in R. If

(4.12) 0 < 4>*{xx) < K(x) < <*>*(*,)    forallx = (xx,x') e R X R"1,

/oo a
\xx\ <b*(xx)dxx < oo,

-oo

then equation (1.1) has infinitely many positive solutions in R" which are unbounded.

Proof. Consider the equations

(4.14) d2v/dx2 = <p*(xx)v°,

(4.15) d2w/dx2 = <p*{xx)w°.

From the proof of Theorem 4.1 we see that (4.14) and (4.15) have unbounded

solutions (linear growth at oo) v and w. We can choose ¿5 and w such that

v(xx) < w(xx) for all xx e R. Now let

(4.16) v(xx,x') = v(xx)    and    w(xx,x') = w(xx).

Then from (4.12), we have

Av - K(x)v° = lArpl _ K(x)v°(xx)
dx\

= [<t>*{xx) - K{x)]ü°{Xl) > 0,

Aw - K(x)w° = ^Jüífll - K(x)w°(xx)
dx\

= [<b*(xx)-K(x)}w°(xx)^0

in R". Hence v(xx, x') and w(xx, x') are, respectively, a subsolution and a supersolu-

tion of (1.1) in R". Since v(xx, x') < w(xx, x') in R", from Theorem 2.10 of Ni [13],

it follows that (1.1) has a positive solution u(x) in R" such that v(xx) < u(xx, x') <

w(xx). It is easy to see that kx\xx\ < u(xx, x') < k2\xx\ for |jcx( large for some

positive constants kx and k2. This completes the proof of the theorem.   Q.E.D.
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Now let « be a positive function in R and K(x) > 0 in R. Define for r > 0

(4.17) û{r) = {u{r) + u(-r))/2,

(4.18) k(r)=[\{K(r)a'^ + K(-r)-a/a)\"/a'

where I/o + I/o' = 1. It is easy to see that

(4.19) 5(0) = h(0)    and    ö'(0) = 0

if u is also continuously differentiable.

Theorem 4.3. Let K(x) > 0 be a continuous function in R. If the average K(r) of

K(x) in the sense (4.18) satisfies

(4.20) K(r) > C/A° + 1)

for r > R0 for some constant C > 0, then equation (1.1) does not possess any positive

solution in R.

Proof. Assume that u(x) is a positive solution of (1.1) in R. Then we have

(4.21) u"(r) = »"(r) + »"(-') =l[K(r)u°(r) + K(-r)u'{-r)].

But

(4.22) ü(r) = í[u(r) + u{-r)]

<[i(^(r)«'(r) + ^(-r)«-(-r))]1/"

■[t{K-'v'(r) + K-°'/°(-r))]l/a''.

Hence

(4.23) 2-(K(r)u°(r) + K(-r)u°(-/•)) > K(r)W(r).

Thus we have

(4.24)

Hence ü satisfies

(4.25) ü(r)> a + f {r - t)K{t)û°{t)

Without loss of generality, we may assume that K(0) > 0 and hence K(0) > 0. Thus

for r > 2, we have

ü"(r)> K(r)ü°(r)    for r > 0,

5(0) = a > 0,    U'(0) = 0.

dt.

(4.26)    u{r)>a+ P (r - t)K{t)ü°{t) dt + f (r - t)K(t)ü"{t)
Jo Ji

> a +(«• • £ (l - £)*(/)<*)   r + f\r- t)K{t)W(t)

>Cxr+ f (r - t)K(t)u°(t)
Ji

dt

, dt
Ji
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where

Cx = a" ■ f1 il - ^)k(t)dt = a" ■ | • ji K(t) dt > 0.

Now let «(/•) = v(r) ■ r for r > 2. We obtain

(4.27) v(r) > Cx + f til -j)k(t)t(a-l)va(t)dt.

Letting K(t) = K(t)t{°-1). Then from (4.20), we have

(4.28) K(t)>C/t2    for t>R0

and

(4.29) v{r)^Cx+ ptk(t){l--ry(t)dt.

From the proof of Theorem 2.1, we see that it is impossible to have a function v

defined in [2, oo) satisfying (4.29). This completes the proof.    Q.E.D.

Theorem 4.4. Let K(x) > 0 be a continuous function in R. If the average K(r) of

K(r) in the sense (4.18) satisfies

(4.30) there exist a > 0, R0 > 0 and C > 0 such that

K(r) > C/A° + a)   forr> R0,

(4.31) there exist e > 0 and P > 2 such that

PP~1)R r°K(r)dr> e   for R > R0.
JR

Then equation (1.1) does not possess any positive solution in R.

Proof. Assume on the contrary that (1.1) has a positive solution u(x) in R. Then

as in the proof of Theorem 4.3, we have (4.24)-(4.27). But now K(r) = r{a~l)K(r)

satisfies

(4.32) K(r) > C/ra + a)    for r > R0,

,        x r(P-l)R    -,   .
(4.33) / rK(r)dr>e    for R ^ R0.

JR

But from the proof of Theorem 2.2, there is no positive function v satisfying (4.27).

This contradiction proves the theorem.    Q.E.D.

Theorem 4.5. Let K(x) > 0 be a continuous function in R. Let the average K(r) of

K(x) in the sense (4.18) satisfy

I   saK(s) ds is strictly increasing in [0, oo) and

(4.34) °        _
/    s"K(s)ds= oo,

(I]"" < f fk(t)dt/ pt°K(t)dt for some m>0 and

for all r > s > R0 > 0.
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Then equation (1.1) does not possess any positive solution in R. In particular, if K(r)

satisfies (4.34) and 0 < K(r) < C//-<0 + 1) for r ^ Rx for some constants C > 0 and

Rx > 0, then K(r) also satisfies (4.35) and hence (1.1) does not possess any positive

solution in R.

Proof. Assume on the contrary that (1.1) has a positive solution u(x) in R. Then

as in the proof of Theorem 4.3, we have (4.24)-(4.27). Now the function K(r) =

r(a~X)K(r) satisfies the assumptions of Theorem 2.3. Hence there is no positive

function v satisfying (4.27). This contradiction proves the theorem.   Q.E.D.

Theorem 4.6. Let K(x) > 0 be a continuous function in R and k(r) be a

continuous function in [0, oo). Let the average K(r) of K(x) in the sense (4.18) satisfy

K(r)>0    ifa, + x + ßi<r<a,+ x + ß, + x,

k(r) > K(r - ß,)    if a, + ft < r < a, + x + ß,

for i = 0,1,2,..., where (a,}^0 is a strictly increasing sequence satisfying a0 = 0

and lim^^a,, = oo, and {ß,}°t0 is a nondecreasing sequence satisfying ß0 = 0 and

ßi/a, < M for some M > 0 and for i > 1. //

lu"(r) = k(r)u°(r)    in (0,oo),

\w(0) = a>0,    «'(0) = 0

does not possess any positive solution in [0, oo) for all a > 0, then (1.1) does not

possess any positive solution in R.

Proof. Assume that (1.1) has a positive solution u(x) in R. Then we have as in

the proof of Theorem 4.3,

(4.37) U(r) > a + f (r - t)k(t)W(t) dt.
Jo

Let

(4.38) v{r) = ü{r + ß,)    if a, < r < ai+x

for ; = 0,1,2,_As in the proof of Theorem 2.4, we have

(4.39) u(r)>ct+ f (r - t)K(t)v°(t) dt.
Jo

Now we can let X denote the locally convex space of all continuous functions on

[0, oo ) with the usual topology and consider the set

(4.40) Y = {y e X: a ^y(r) < u{r) for r> 0},

where v is defined in (4.38). Clearly, Y is a closed convex subset of X. We define the

mapping T by

(4.41) (Ty)(r) = a + f (r - t)K(t)y'(t) dt.
Jo

Then it is easy to verify that (i) TY c Y, (ii) T is continuous and (iii) TY is

precompact. Hence T has a fixed point in Y. Thus (4.36) has a solution for this a.

This contradiction completes the proof.    Q.E.D.
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Part IL Au = K(x)e2u

5. The case n > 3. In this case, the existence results are very similar to that of §2.

Ni [14] proves that, if |AT(jc)| ̂  C/|jc,|' for \xx\ large and uniformly in x2 for some

/ > 2, then equation (1.2) possesses infinitely many bounded solutions in R" = Rm X

R"~m, where x = (xx,x2) and m > 3. Later on, Kusano and Oharu [7] extend the

result to the case where |AT(x)| < K(\xx\) for all x = (xx,x2) efx R"""1 and

/0°° tk(t)dt < oo. On the other hand, when K(x) > 0 in (1.2), Oleinik [15] shows

that if K(x) > C/\x\p at infinity for some P < 2, then (1.2) has no solution in R".

The case when K(x) behaves like C/\x\2 at infinity is left unsettled for n > 3. In

this section, we give several theorems to settle the nonexistence question of (1.2), in

particular we settle the case when K(x) behaves like C/\x\2 at infinity.

We need some notations first. Let « be a smooth function in R" and K(x) > 0 be

a continuous function in R". Following Ni [13] and Sattinger [16], we define the

averages of u and K by u(r) and K(r),

(5.1) u(r) = —[—f       u{x)dS,
U„r"       J\x\ = r

{52) *(r)"(¡^M.    T(
\ u„r \x\ = r  'M

\x\-

-1

dS_

x)

We have

Lemma 5.1. Let u{x) be a solution of (1.2) in R" and K(x) > 0. Then u(r) satisfies

(5 3) h"(r) + ^S'(r) > K(r)e2«'\       r e (0, oo),

\«(0) = k(0),       m'(0) = 0.

Proof. From the definition of 5, we have

ü'{r) = ±-í       Vu(rt)-i:dS = -\-(       Y.uxi,dS.
UnJ\Z\=l u„rn       J\x\-r    i

Thus,

co„(r"-15'(r)-/?"15'(Ä))

= f Audx = f    [      AudS
JD JR   \J\x\ = t )

where D = {x e R": R < \x\ < r}. Hence we have

(5.5) u„(r"-lû'{r))' = f      AudS = (      K(x)e2u<x) dS.
J\x\ = r \x\ = r

Now Jensen's and Cauchy-Schwarz's inequalities give

(5.6) e2"^ = (e^r)f ^ \—^—rf       e"<x) ds\
\unr"   lJ\x\-r I

<f—L-rf       K(x)e2^ds)l^—(       -^
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Hence

(5.7) ——- [      K(x)e2u{x)dS>K{r)e
o>„rn      J\x\=r

2B(r)

Combining (5.5) and (5.7), we obtain the first equation of (5.3). 5(0) = «(0) and

5'(0) = 0 can also be easily obtained. This completes the proof.   Q.E.D.

Now we can state our main nonexistence theorems.

Theorem 5.1. Let K(x) ^ 0 be a locally Holder continuous function in R". If K(r),

as defined in (5.2), satisfies

(5.8) K(r) > C/r2

for r > R0 for some constant C > 0, then equation (1.2) does not possess any locally

bounded solution in R".

Proof. Assume that u is a locally bounded solution of (1.2) in R". Then the

average 5 satisfies (5.3) from Lemma 5.1. Let 5(0) = u(0) = a. Then 5 also satisfies

(5.9) U'(r) > f ßY~lK(s)e2^ds,

(5.10)

Hence

(5.11)

ü(r)>a + ^-2fsk(s)l-^y ,2B(î) ds.

u(r) t> a +
1

a +

n - 2jq

1

f/2sk(s)

n

IX»-*

2

e2ads

rskis)
Jo

ds.

Thus there exists a constant R0, such that u(R0) ^ 1. For r > R0, we have

(5.12) «(/•) > 1 +
n - 2JR

f sK(s) 1 ,2B(s) ds

>i+^2/,/^4-(f)' «2(i) iii.

In view of (5.8) and the proof of Theorem 2.1, we conclude that no function u can

satisfy (5.12) in [R0, oo). This completes the proof.   Q.E.D.

Theorem 5.2. Let K(x) > 0 be a locally Holder continuous function in R". If K(r),

as defined in (5.2), satisfies

(5.13) there exist a > 0, R0 > 0 and C > 0, such that

K(r)>C/ra   forr>R0,

(5.14) there exist e > 0 andP > 2, such that

PP~l)R rk(r)dr> e   forR > R0,
JR

then equation (1.2) does not possess any locally bounded solution in R".
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Proof. Assume that u is a locally bounded solution of (1.2) in R". Then as in the

proof of Theorem 5.1, we have (5.9)-(5.12). But from (5.13), (5.14) and Theorem 2.2,

there is no function 5(r) defined on [Ä0,oo) satisfying (5.12). This contradiction

proves the theorem.    Q.E.D.

Theorem 5.3. Let K(x) > 0 be a locally Holder continuous function. If K(r), as

defined in (5.2), satisfies

(5.15)

(5.16)

/   sK{s) ds is strictly increasing in [O, oo) and
Jo

JfGO       _
sK{s) ds = oo,

0

s \m      rs   _ rr   _
-      < 1   tK{t) dtf I   tK(t) dt for some m > 0 and
r I        Jo Jo

for all r ^ s > R0 > 0.

Then equation (1.2) does not possess any locally bounded solution in R". In particular,

if K{r) satisfies (5.15) and 0 < K{r) < C/r2 for r ^ Rx for some constants C > 0

and Rx > 0, then K(r) also satisfies (5.16) and hence (1.2) does not possess any

locally bounded solution in R".

Proof. Using the proofs of Theorems 5.1 and 2.3, we can easily obtain a proof.

We omit the details.   Q.E.D.

Theorem 5.4. Let K(x) > 0 be a locally Holder continuous function in R" and k(t)

be a locally Holder continuous function on [0, oo). Let the average K(r) of K(x) in the

sense of (5.2) satisfy

K{r) > 0    ifai+1 + ß,<r< a, + x + ß, + x,

K{r)>K{r- ß,)    if a, + ft < r < ai + x + ß,

for i = 0,1,2,..., where {a, }°°=0 and {ß, }fl0 are two sequences satisfying the same

conditions as in Theorem 2.4. 7/

(517) lu"(r)+±=±u'(r)-X(r)e2™    ™(0,oo),

\«(0) = a,    «'(0) = 0

does not possess any locally bounded solution in [0, oo) for any real number a, then

(1.2) does not possess any locally bounded solution in R".

Proof. The proof is similar to that of Theorem 2.4. Hence we omit the details.

Q.E.D.

6. The case n = 2. In the case n = 2 and K(x) > 0, Ni [14] shows that: If

K(x) # 0 and K(x) < C/|x|' at infinity for some / > 2, then for every a e (0, ß)

where ß = min (8, (/ - 2)/3}, there exists a solution u of (1.2) such that

log|xf - C < u{x) < log|;c|a + C"

for \x\ large, where C" and C" are two constants.
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Later, McOwen [10, 11] improves this result by giving a sharp bound on ß and

sharp behavior of u at infinity. For the nonexistence results, Sattinger [16] proves

Let A: be a smooth function on R2. If K > 0 on R2 and K(x) > C/|x|2 at

infinity, then (1.2) has no solution on R2. Ni [14] improves Sattinger's result to

include the K such as K = (1 + sin r)/r2.

In this section, we give an existence result which overlaps parts of the results of Ni

[14] and McOwen [10, 11] but with different method. We also give some nonex-

istence results improving Ni's result.

Theorem 6.1. Let K(x)^ 0 be a locally Holder continuous function on R2. Let

Kx(r) and K2(r) be two locally Holder continuous functions on [0, oo). If

(6.1) Kx(0)>0,

(6.2) 0 ^ Kx{\x\) =ï K(x) < AT2(|jc|)    forallxeR2,
/■OC

(6.3) there exists a > 0 such that j     sa+2a)K2(s) ds < oo,

then (1.2) has infinitely many solutions on R2 with logarithmic growth at infinity.

Proof. Consider the equations

(6.4) Av = Kx{\x\)elv,       xeR2,

(6.5) Aw = K2{\x\)e2K,       xeR2.

From (6.2), it is easy to see that a solution v of (6.4) is a supersolution of (1.2) and a

solution w of (6.5) is a subsolution of (1.2) in R2. It is natural to seek solutions of v

and w depending only on |je|. Considser now (6.5). We try to find a solution w(|jc|)

of (6.5) with w(0) = ß and w'(0) = 0. Then (6.5) is equivalent to the following

integral equation

(6.6) w(r) = ß + f slog(^)K2(s)e2w{s)ds.

Now we choose 0 < a' < a and ß such that

(6.7) f*slog(e-)K2(s)e2^ds<\,

(6.8) fsK2{s)e2^+1)ds<^-,

(6.9) C sa + 2a,)K2(s)e2il3+l)ds < %-,
Je I

(6.10) f s(l + 2a,)logi^K2(s)eW+"ds < \.

Define the function Aß(r) by

(6.11) Aß(r) = (ß + 1)    if0<r<e,

Aß(r) = (ß+l) + a'log(r/e)    if e < r.
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Now let X denote the locally convex space of all continuous functions on [0, oo) with

the usual topology and consider the set

(6.12) Y = [w e X: ß ^ w(r)^Aß(r), re [0, oo)).

It is easy to see that Y is a closed convex subset of X. Yet T be the mapping

(6.13) (Tw)(r) = ß + fr slogi-)K2(s)e2wis)ds.

We shall prove that T is a continuous mapping from Y into itself such that TY is

relatively compact.

First, we verify that TY c Y. Assume w e Y. Hence we have

(6.14) ß^w(r)^Aß(r)    for r e [0, oo).

It is easy to see that Tw is also continuous and ß < Tw(r) for r e [0, oo). Now for

0 < r < e, we have

(6.15) (Tw)(r) = ß + f slogi-\K2{s)e2w(s)ds

^ ß + f slog(^K2(s)e2U3+l)ds

^(ß+l)=Aß{r).

For e < r, we have

(6.16) (Tw){r) = ß + f slog(^\K2(s)e2w(s)ds

+ f slogi-\K2(s)e2w(s)ds

< ß + f slogi-)K2(s)e2Af{s)ds

+ f slogi-)K2{s)e2A^s)ds

^ß+log^f sK2(s)e2^ + l)ds

+ fslog(^K2(s)e2^+l)ds

+ log(^)/00 s* + 2tf>K2(s)e*ß+»ds

+ j°°sa+2°')log(í\K2{s)e*f>+1)ds

= {ß+l) + a'log([^

= Aß{r).

This verifies that TY c Y.
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Now let {wm)™=x c Y be a sequence converges to w e Y in the space X. Then

{wm} converges to w uniformly on any compact interval on [0, oo). Now

(6.17) \Twm(r) - Tw{r)\^ f slogi^)K2(s)\e2w-(s) - e2^s)\ds

But

(6.18) slogy^K2(s)\e2^s) - e2^s)\^ slog^K^s^e24^ - e2ß)

^slogi^\K2(s)e2A"U)

and s log(r/s)K2(s)e2Ailis) is integrable. Hence from (6.17) and the uniform conver-

gence of wm to w on any compact interval, we conclude that Twm converges to Tw in

X. This verifies that T is continuous in Y. We can easily compute that

(6.19) {Tw)'(r)=^(^K2(s)e2^ds

tif i[-r])K2(s)e2A»Mds.

Hence, on any compact interval of [0, oo), TY is uniformly bounded and equicon-

tinuous. This proves that TY is relatively compact in Y. Thus we can apply the

Schauder-Tychonoff fixed point theorem to conclude that T has a fixed point w in

Y. This fixed point w is a solution of (6.6) and hence a solution of (6.5). Note that,

when we have a solution w of (6.6) with a given ß, then we also have a solution w of

(6.6) with ß replaced by smaller ß 's.

Similarly, we can construct solution v(\x\) of (6.4) such that u(0) = ß' and

v'(0) = 0. For a given ß', since Kx{0) > 0, we can choose ß < ß', such that (6.6) has

a solution w and w(r) < v(r) for all r e [0, oo). Using Theorem 2.10 of Ni [13], we

conclude that (1.2) has a solution u(x) between w(|jc|) and v(\x\). Now we can

choose another ß' smaller than this ß to repeat the arguments. This completes the

proof of this theorem.    Q.E.D.

Theorem 6.2. Let K(x) > 0 be a locally Holder continuous function in R2. If K(r),

as defined in (5.2), satisfies

(6.20) K{r)>C/r2(logr)a

for r > R0 for some constants C > 0 and a > 0, then equation (1.2) does not possess

any locally bounded solution in R2.

Proof. Assume that u is a locally bounded solution of (1.2) in R2. Then the

average 5 satisfies (5.3) for n = 2. Letting 5(0) = ß = u(0), we have

(6.21) ü'{r)>f ß)k(s)e2"Mds,

(6.22) ü{r)>ß + f slogi^K(s)e2u(s)ds.
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Without loss of generality, we may assume that A'(O) > 0 and hence ^(0) > 0. For

r > e, we have

(6.23) ú(r) > ß + f slog^K(s)e2^s)ds

+ fslogi^K(s)e2'u(s)ds

> ß + fl slogrK(s)e2ßds + f slog(-)k(s)e2uls)ds

> ß+ Cxlogr + f slog(-)k{s)e2Hs)ds.

Thus there exists a constant R0 such that, for r > R0,

(6.24) u(r) > C2logr + fr slogi-\K{s)e2"(s)ds

> C2logr+ f slogi-)k(s)ems)ds
■>RQ \S'

for some C2 > 0. Let

(6.25) u(r) = \C2logr + v(r)    for r > R0.

From (6.24), we have

(6.26) v{r)>\c2logr+ f slogi-)k{s)sc^e2v(s)ds
2 jr0 \s ]

>\c2logr+ f slogi-)k(s)sciv2{s)ds.
I JRq \ S I

But from assumption (6.20), we have

(6.23) K(s)sc> > C/s2~ci(logs)a » C/s2

for s > Rx > R0. Hence from Theorem 3.1, there is no v in [R0, oo) satisfying

(6.26). This completes the proof of this theorem.

Theorem 6.3. Let K(x) ^ 0 be a locally Holder continuous function in R2. If K(r),

as defined in (5.2), satisfies

I   s1+aK(s) ds is monotonically strictly increasing in
(6.24) Jo

[0,oo) for all a > 0.

(6.25) For given any a > 0, there exists an Ra> 0 such that

logs
-      ^ f tl+aK{t)dt/f t1+aK{t)dt
r !        Jo Jolog i

for some m > 0 and for all r ^ s > Ra,  then  (1.2) does not possess any locally

bounded solution in R2.
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Proof. Assume that u is a locally bounded solution of (1.2) in R2. Then as in the

proof of Theorem 6.2, we have (6.21)-(6.26). Now we can let w(r)logr = v(r) for

r > R0. Then from (6.26), we have

(6.27) w(r) > \C2 + jT s{l - l^k{s)sc>v2{s) ds.

Now using a similar argument as in the proof of Theorem 3.3, we conclude that

there is no function w satisfying (6.27). This contradiction proves the theorem.

Q.E.D.

Theorem 6.4. Let K(x) > 0 be a locally Holder continuous function in R2 and K(t)

be a locally Holder continuous function on [0, oo). Let the average K(r) of K(x) in the

sense of (5.2) satisfy the same assumptions as in Theorem 5.4. //

(628) iu"(r) + ^p- = k(r)e2^    in (0, oo),

\u(0) = a,    w'(0) = 0

does not possess any locally bounded solution in [0, oo) for any real number a, then

(1.2) does not possess any locally bounded solution in R .

Proof. The proof is similar to that of Theorem 2.4. Hence we omit the details.

Q.E.D.

7. The case n = 1. In this case, we consider only the situation K{x) > 0 in (1.2).

We give a main existence result which has an extension to the higher-dimensional

case. We also give some nonexistence results.

Theorem 7.1. Let K{x) ^ 0 be a Holder continuous function in R. If K(0) > 0 and

there exists an a > 0, such that

(7.1) ¡X   e2aMK(x)dx < oo,
■'-oo

then (1.2) has infinitely many locally bounded solutions in R with linear growth at

\x\ = oo.

Proof. We shall seek solution u such that u(0) = ß and u'(0) = 0. Consider now

x > 0. In this situation, (1.2) is equivalent to the integral equation

(7.2) u(x) = ß+ P (x- t)K(t)e2uU)dt,        x>0.
Jo

Now choose ß e R so that

(7.3) flK(t)e*'+l>dt <wn{j,l),

(7.4) y K(t)e2a'e2iß+l)dt^^.

Let

(ß+l) ifO<x<l,
A(x)

1 (ß + 1) + ax     ifl < x.
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As in the proofs of Theorems 2.4 and 3.4, we let X denote the locally convex space

of all continuous functions on [0, oo) with the usual topology and consider the set

Y = {y G X: ß^y(x) < A(x) for x > 0}.

Clearly, y is a closed convex subset of X. Now define the mapping T by

(7.5) (Ty)(x) = ß + P {x - t)K(t)e2vU)dt.
Jo

If y e Y, then ß < y{x) < A{x). Hence we have

(7.6) (Ty){x) = ß + P {x - t)K{t)e2v(,)dt > ß.
Jo

On the other hand, for 0 < x < 1, we have

(7.7) (Ty)(x) = ß + P (x - t)K(t)e2y{,)dt
Jo

</? + P K(t)e2(ß + l)dt
Jo

^ ß+ I = A(x).

For 1 < x, we have

(7.8) (Ty)(x) = ß + P (x - t)K(t)e2>^dt + P {x - t)K{t)e2>wdt
Jo Ji

< ß + x - P K(t)e2(ß+1)dt + x ■ H K(t)e2a'e2Ui+l)dt
J0 Jx

< ß + y • x + |x < (ß + 1) + ax = A(x).

Hence T maps Y into itself. As in the proofs of Theorems 2.4, 3.4 and 4.1, we can

easily verify that T is continuous and 7T is precompact. Hence T has a fixed point

y e Y. This fixed point y is a solution of (1.2) for x > 0 with y(0) = ß and

y'(0) = 0.
Similarly, we can find a solution of (1.2) for x < 0 with y/(0) = ß and .y'(O) = 0

provided that ß e R is properly selected. It is also easy to see that if y is a solution

of (1.2) with y(0) = ß and v'(0) = 0, then there is also solution y with ^(0) = ß'

and >>'(0) = 0 provided that ß' < ß. The linear growth of solutions at |jc| = oo can

be easily established as in the proof of Theorem 4.1. This completes the proof of this

theorem.    Q.E.D.

We can apply this theorem to the higher-dimensional case as used in Ni [13, 14]

and Kawano, Kusano and Naito [3].

Theorem 7.2. Let K(x) > 0 be a locally Holder continuous function in R" = R X

R"_1. Let <p*(xx) and <p*(xx) be two locally Holder continuous function in R. If

(7.9) 0 < <p*{xx) < K(x) < <b*{xx)    forallx = (xx,x')eRxR"-\

/OO
e2a|x'^*(x!) dxx < oo   for some a > 0,

-oo

then equation (1.2) has infinitely many locally bounded solutions in R".
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Proof. The proof is actually similar to that of Theorem 4.2. We omit the details.

Q.E.D.
Now let u be smooth function on R and K(x) ^ 0 be a continuous function on R.

We define the averages 5 and K by

(7.11) ü{r) = \[u{r) + u{-r)\,        r>0,

(7.12) k(r) = \h{K(r)-1 + K(-ry1)] ~\        r > 0.

Our nonexistence results are

Theorem 7.3. Let K(x) > 0 be a locally Holder continuous function on R. If the

average K(r) of K(x) in the sense of (7.12) satisfies

(7.13) K(r) > C/ra

for r > R0 and for some constants C > 0, a > 0, then equation (1.2) does not possess

any locally bounded solution on R.

Proof. Assume that u(x) be a solution of (1.2) in R. Then we have

(7.14) û"(r) = \[u"(r) + u"(-r)\

= \[K(r)e2uír) + K(-r)e2u(-r)].

But we have

(7.15) e2~u(r) = {e~u(r))2 < [\{eu(r) + e"^r))]2

< \\{K{r)e2u(r) + K(-r)e2u(r))]

\\{K(ryl + K{-ry%

Hence we have

(7.16) ü"{r) 7> K(r)e2"(r\        r>0.

It is also easy to see that 5(0) = «(0) and 5'(0) = 0. From (7.16), we have

(7.17) S'(r)> PK(t)e2ui,)dt,
Jo

(7.18) ü(r) > ß + P (r- t)K(t)e2~u(,)dt.
Jo

Without loss of generality, we may assume that Ä'(O) > 0 and hence A^(O) > 0. For

r t> 1, we have

(7.19) u(r) > ß+ P (r- t)K{t)e2u(,)dt + P (r - t)K(t)e2~u(,)dt
Jo Ji

>ß + rP (1 - t)K(t)e2ßdt+ P (r-t)k(t)e2~uU)dt
J0 Jx

>2Cx-r+P(r- t)k(t)e2~u(,)dt
Jo.
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for r ^ Rx> 1 and for some Cx > 0. Now let v(r) = U(r) + Cx ■ r. We have from

(7.19)

(7.20) v(r) >Cxr+ P (r - t)K{t)e2C>' ■ e2u^dt.

Let v(r) = w(r) ■ r, we have

(7.21) w(r) >CX+ f il- -)k(t)e2C>' ■ e2w«Ut.

Now let K(t) = t~lK(t)e2C''. We have from (7.13)

(7.22) K(t) > C/t2

for t > R2 > Rx for some C > 0. But (7.21) becomes

(7.23) w(r)> Cx + f til -'Aki^i^dt.

From Theorem 2.1, there is no function w satisfying (7.23). This contradiction

proves the theorem.   Q.E.D.

Theorem 7.4. Let K{x) > 0 be a locally Holder continuous function on R. // the

average K(r) of K{x) in the sense of (7.12) satisfies
Jçr _ /*oo _

easK(s) ds is strictly increasing and \     easK(s) ds = oo
o Jo

for all a > 0.

For any given a > 0, there exists Ra > 0, such that

(7.25) [^y\j\«>K{t)dt/ye"<K{t)dt

for some m > 0 and for r ^ i > Ra, then equation (1.2) does not possess any locally

bounded solution in R.

Proof. Using the proofs of Theorems 7.3 and 2.3, we can easily prove this

theorem. We omit the details.   Q.E.D.

Theorem 7.5. Let K{x) > 0 be a locally Holder continuous function in R and k(t)

be a locally Holder continuuos function in [0, oo). Let the average K(r) of K(x) in the

sense of (7.12) satisfy the same assumptions as in Theorem 5.4. If

lu"(r) = k(r)e2»"    ,«(0,oo),

\u(0) = ß,    u'(0) = 0

does not possess any locally bounded solution in [0, oo) for any real number ß, then

equation (1.2) does not possess any locally bounded solution in R.

Proof. The proof is quite similar to that of Theorem 2.4. Hence we omit it.

Q.E.D.
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